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GENERAL RELATIVITY 

Lec ture  N o t e s  

H.Y, CMIU (Notes by the Class )  

The Dif fe rences  between General R e l a t i v i t y  
and Electrodynamics 

S t a t i c  
C l a s s i c a l  

Dynamic 
C l a s s i c a l  

Cavendish 
f o r c e  mM 

2 
R 

- - -  

m f N 1/R 

-6 m = 2 + 1 0  - 

2 2  Coulomb 
f o r c e  = e /R 

f /v l /Rm 

-6 m = 2 2 1 0  

Quan t i za t ion  

It is  n o t  known Maxwell ' s equat ions  
i f  g r a v i t a t i o n a l  waves p r e d i c t  t h e  ex i s t ence  of  
exis t .  e lec t romagnet ic  waves, 

and t h e i r  ex i s t ence  i s  
DATA - The theory  pre- v e r i f i e d  by many experiments  

d i c t s  t h e  bending of l i g h t  
r ays  around the  'sun and t h e  
motion of t he  p e r i h e l i o n  of  
a p l a n e t  - both  have been 
observed. 

Second 
Quan t i za t ion  

needed ? 
e x i s t e n c e  ? 

? 

Hydrogen spec t r a  - w e l l  
developed and v e r i f i e d .  

Lamb s h i f t  - w e l l  developed 
and v e r i f i e d .  
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The coupl ing c o n s t a n t  for  e lec t romagnet ic  i n t e r a c t i o n s  

i s  C% = e /5c = 1/137 . W e  can o b t a i n  the  g r a v i t a t i o n a l  

coupl ing  cons t an t  by r ep lac ing  e by the g r a v i t a t i o n a l  charge 

-39 
Gm 

bound neutrons the f i rs t  Bohr o rb i t  w i l l  be 2x10 c m  o r  t w o  

2 

2 

. For two g r a v i t a t i o n a l l y  2 and d = Gm /ac = 10 
2 

G P P 
18 

l i g h t  years .  Thus, i n  order t o  perform g r a v i t a t i o n a l  experiments,  

one m u s t  u s e  o b j e c t s  of as t ronomical  s i z e .  

An example of a space experiment t h a t  might show some 

r e l a t i v i s t i c  effects i s  an a r t i f i c i a l  p l a n e t  surrounded by some 

gas  sh ie ld  t o  e l i m i n a t e  gas  d rag  and l i g h t  pressure  d i f f i c u l t i e s  

t h a t  would i n t e r f e r e  w i t h  t h e  g r a v i t a t i o n a l  orbit .  W e  surround 

a smal l  a r t i f i c i a l  p l a n e t  w i t h  a hollow s p h e r i c a l  shell  equipped 

w i t h  gas  jets a s  shown. 

l A 5  S E T S  

J E J \ C E S  

When the a r t i f i c i a l  p l a n e t  g e t s  nea r  the w a l l ,  the gas  j e t s  a r e  

turned  on by t h e  sens ing  dev ices  t o  compensate the d rag  t o  keep 

t h e  s h e l l  f r o m  touching t h e  i n n e r  sphere.  

a r t i f i c i a l  p l a n e t  moves on a proper  p l ane ta ry  orbit .  

technique could be used t o  determine t h e  d i s t a n c e  t o  t h i s  device  

I n  t h i s  way t h e  

A r a d a r  
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Space 

Equat ions 
of Motion 

w i t h  g r e a t  p r e c i s i o n  making poss ib l e  a t e s t  of t h e  form of t h e  

f o r c e  law t o  t h e  accuracy r equ i r ed  for  r e l a t i v i s t i c  effects  t o  

appear .  

two o r  three v e h i c l e s ,  e x t e r n a l l y  i d e n t i c a l  b u t  of d i f f e r e n t  

d e n s i t y ,  on s u b s t a n t i a l l y  the same i n i t i a l  o r b i t .  Then the 

e f f e c t  of gas  drag  and l i g h t  p re s su re  on t h e i r  o r b i t s  could  be 

i n f e r r e d  from the i r  d i f f e r e n t  motions. 

An a l t e r n a t i v e  and s impler  technique would be t o  s e t  

To v e r i f y  gene ra l  r e l a t i v i t y  w e  need non-local  experiments  

because the space i s  l o c a l l y  Euclidean. 

General  R e l a t i v i t y  Electrodynamics 

Determined by the  theory  Given element 

2 2 2 3 and the mass-energy distri- 
but ion .  d s  = c 2 d t 2  -(dx + dy + dz, 

Determined by t h e  theory  Given element  
- (non- l inear  theory)  ( n o t  from Maxwell 's 

equa t ions)  
2 

d t  
uy\ = e B ( l i n e a r )  2 I 

I 

S t r u c t u r e  of General R e l a t i v i t y  and Electrodynamics 

When a r e  the r e l a t i v i s t i c  effects impor tan t?  

Quantum- e f f e c t s  become impor tan t  when 

p r - i i  . 
R e l a t i v i s t i c  effects become impor tan t  when t h e  k i n e t i c  energy 

2 is  about  equal  t o  m c 
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m G M  
R 

-= k i n e t i c  energy 2 m c  

o r  

G M  -1 2 
R c  

P r i n c i p l e s  of Eqdivalence - 

(1) The weak p r i n c i p l e  of  equiva lence  states t h a t  the 

t r a j e c t o r y  of a p a r t i c l e ,  under t h e  in f luence  of g r a v i t a t i o n a l  

f i e l d s  only ,  depends only  i n  i t s  i n i t i a l  p o s i t i o n  and v e l o c i t y ,  

b u t  n o t  on i t s  mass o r  i t s  na ture .  I f ,  fo r  example, w e  cons ide r  

a s imple pendulum w i t h  t h e  equat ion  of motion 

where mi is  the  proper ty  of mass i n  response t o  a c c e l e r a t i o n  

and mbP is t h e  proper ty  of mass i n  response t o  g r a v i t a t i o n ;  

the weak p r i n c i p l e  of equiva lence  s t a t e s  t h a t  

Experiments which have measured t h i s  r a t i o  g ive  t h e  fol lowing 

r e s u l t s  

New ton  

B e s s e l  

E6tv6s 

Dicke 

1 2 
1 _f lo-* 

-12 1 2  5x10 
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2) The s t r o n g  p r i n c i p l e  of equiva lence  s t a t e s  t h a t  " the  laws 

of phys ics  m u s t  be of such a n a t u r e  t h a t  t hey  apply  t o  systems 

of r e fe rence  i n  any k ind  of  motion." Thus a t  every  p o i n t  i n  

space-time t h e r e  ex is t s  an i n e r t i a l  frame of r e fe rence  i n  which 

a l l  t h e  phys ica l  l a w s  a r e  t he  same a s  they  would be i n  the 

absence of  g r a v i t a t i o n  (one can t ransform away t h e  effects of  

g r a v i t y  by  a l lowing  the l abora to ry  t o  f a l l  f r e e l y ) .  W e  a l s o  

have t h a t  t h e  dimensionless  c o n s t a n t s  appearing i n  the phys ica l  

laws must be the same throughout  the universe .  

I f  the coupl ing  cons t an t s  w e r e  p o s i t i o n  dependent t he  

b inding  energy of  a body would be p o s i t i o n  dependent. I n  t h i s  

c a s e ,  a body i n  a g r a v i t a t i o n a l  f i e l d  would a l s o  exper ience  a 

f o r c e  depending on p o s i t i o n  and s t r u c t u r e .  The r e s u l t s  of the 

Eatv6s experiment are accura t e  enough t o  make i t  u n l i k e l y  t h a t  

the  s t r o n g  and e lec t romagnet ic  coupl ing  c o n s t a n t s  a r e  p o s i t i o n  

dependent ,  b u t  no th ing  can be s a i d  about  the g r a v i t a t i o n a l  and 

weak i n t e r a c t i o n  coupl ing  cons t an t s .  
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P r i n c i p l e  of Covariance 

The qene ra l  laws of na tu re  a r e  t o  be expressed by equat ions  

which hold  qood fo r  a l l  systems of coord ina te s ,  t h a t  is ,  a r e  co- 

v a r i a n t  w i t h  respect t o  any s u b s t i t u t i o n  whatever (qene ra l ly  

cova r i an t )  a 

T h i s  requirement  of g e n e r a l  covariance exceeds t h e  p r i n c i p l e  

of gene ra l  r e l a t i v i t y  which makes r e fe rence  only t o  i n e r t i a l  

systems. The p r i n c i p l e  of covariance sugges ts  t h a t  t h e  laws of 

physics  have the same form r e l a t i v e  t o  any (not  n e c e s s a r i l y  

f r e e l y  f a l l i n g )  observer .  

The p r i n c i p l e  of covariance thus  impl ies  a r e l a t i v i t y  of 

g r a v i t a t i o n a l  fo rces .  

However, l e t  us cons ide r  some d i s t a n c e  d s  measured i n  a 

two dimensional  space 

2 2 d s2  = dx + dy o r  2 2 d s  = r ( d e 2  + s i n 2 8  

There e x i s t s  no t ransformat ion  from Car t e s i an  coord ina te s  

t o  p o l a r  coord ina te s  which a l s o  preserves  t h e  d i s t a n c e  ds.  

An example of t h i s  i s  the  d i f f i c u l t y  of r ep resen t ing  t h e  e a r t h ' s  

s u r f a c e  on a f l a t  map. 

Without a p r i n c i p l e  of covariance it would be impossible  

t o  i n t e r p r e t  t h e  r e s u l t s  of observationsip,  +hue t w o  sph=, 
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Azores 

B e r l i n  

Bombay 

Buenos 
A i r e s  

Curva tu re  of Space-Time 

AZORES BERLIN BOMBAY BUENOS A I R E S  

- 2148 5 930 5385 

2148 - 3947 7411 

5930 3 947 - 9380 

5385 7411 9380 - 

What do w e  mean b y  c u r v a t u r e  of "empty" space?  The v e r y  

concept  of curved ,  empty space  seems imposs ib l e  t o  v i s u a l i z e .  

L e t  us look a t  a somewhat s i m p l e r ,  a l t hough  ana logous ,  

s i t u a t i o n .  Suppose w e  a r e  g iven  a t a b l e  of d i s t a n c e s  between 

c i t i e s .  Can w e  de te rmine  if these c i t i e s  l i e  on a curved  s u r f a c e  

o r  a f l a t  p l a n e ?  

As a n  example l e t  u s  c o n s i d e r  some a i r p o r t s  and the f l i g h t  

d i s t a n c e s  between these v a r i o u s  a i r p o r t s .  

Using a r u l e r  and compass these p o i n t s  can  e a s i l y  be 

p l o t t e d .  Choose a p o i n t  a s  r e p r e s e n t i n g  the Azores.  Then 

scribe a r a d i u s  s c a l e d  t o  the d i s t a n c e  from t h e  Azores  t o  B e r l i n .  

Choose any p o i n t  on t h i s  a r c  a s  B e r l i n .  The choice of these t w o  

a i r p o r t s  now comple t e ly  de t e rmines  a l l  others i n  the t a b l e  s i n c e  

the  o n l y  v a r i a b l e s  t o  be chosen a r e  a b s o l u t e  l o c a t i o n  and o r i e n t a t i o n .  
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Scribe a r c s  from t h e  Azores and B e r l i n  r ep resen t ing  t h e  

d i s t a n c e  t o  Bombay. 

Bombay. Now from these  t h r e e  a i r p o r t s  scribe d i s t a n c e s  t o  

Buenos A i r e s ,  I f  t he  s u r f a c e  of the  Ea r th  w e r e  f l a t ,  a l l  t h e s e  

a r c s  would meet a t  a p o i n t  - Buenos A i r e s .  However, w e  f i n d  

t h a t  they do n o t  m e e t .  

The i n t e r s e c t i o n  of t h e s e  a r c s  determines 

The f i r s t  conclusion i s  t h a t  the s u r f a c e  of t h e  Ea r th  ( t h e  

space i n  ques t ion )  is n o t  f l a t .  It seems q u i t e  reasonable  t h a t  

a sphere  of some r a d i u s  w i l l  be a b l e  t o  f i t  t h e  d i s t a n c e s .  For  

only f o u r  p o i n t s  one can always f i n d  an appropr i a t e  sphere.  

However, f o r  f i v e  or more p o i n t s  a sphere may n o t  be gene ra l  

enough. 

The p o i n t  of t h i s  exercise i s  t h a t  t h e  d i s t a n c e s  between 

p o i n t s  c h a r a c t e r i z e  t h e  space.  

1) Geometrical  p r o p e r t i e s  of a "space" a r e  c h a r a c t e r i z e d  

by t h e  d i s t a n c e s  between a l l  p o i n t s  i n  space.  

This  i s  a r a t h e r  exhaus t ive  s p e c i f i c a t i o n .  Is t h e r e  no t  

some m o r e  t r a c t a b l e  method of d e f i n i n g  a space? 

I n  the  previous example it i s  obviously n o t  necessary  t o  

know t h e  d i s t a n c e  from New York t o  San Franc isco  i f  one knows 

t h e  d i s t a n c e s  from New York t o  Chicago, and from Chicago t o  

San Franc isco  and i f  one knows t h e  a i r l i n e  rou te  f r o m  New York 

t o  San Franc isco  passes  through Chicago. Thus it i s n ' t  necessary  
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t o  have so ex tens ive  a Table.  It is  enough t o  know t h e  d i s t a n c e  

between every  p o i n t  and - a l l  the neighboring poin ts .  

The d i s t a n c e  from any p o i n t  t o  a nearby p o i n t  depends bi- 

l i n e a r l y  upon t h e  coord ina te  d i f f e r e n c e s  between the  t w o  p o i n t s  - 

metric c o e f f i c i e n t s  - con ta ins  a l l  

in format ion  about  t he  space.  

What c r i t e r i a  must w e  s a t i s f y  i n  o r d e r  t o  be s u r e  ou r  space 

- i s  f l a t :  Take a Taylor  expansion of 

The second t e r m  can be neglec ted  i f  - 

I 

t h a t  i s ,  i t  is  always poss ib l e  t o  choose a A x  such t h a t  w e  

have a Eucl idean Space. Although Spec ia l  R e l a t i v i t y  i s  n o t  a 

Eucl idean system one can always f i n d  a l o c a l  neighborhood of 

p o i n t s  w i t h i n  which Spec ia l  R e l a t i v i t y  i s  v a l i d .  
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Equat ions of Motion 
(WtN;' Lorf{\'cia4.1s ) 

Suppose w e  a r e  g iven  t h e  metric tensork This  shoulg 

completely determine the equat ion$  of motion. We s h a l l  determine 

the equat ions  of a pa th  between t w o  p o i n t s  such t h a t  

ds i s  s t a t i o n a r y  . 
Keeping the beginning and end of the pa th  fixed, w e  g ive  every  

in t e rmed ia t e  p o i n t  some a r b i t r a r y  displacement  &x, . 

dx a. PV P 
2 d s  = g 

The s t a t i o n a r y  cond i t ion  i s  

Subs ti t u  t i n g  (1) 

Changing dummy i n d i c e s  i n  t h e  l a s t  t w o  terms - 
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I n t e g r a t e  by p a r t s  ( n o t e  6x, = 0 on boundar i e s )  

- dx, 3 4 p v  d 

2 ds  h x ,  ds(gp d s  

For a r b i t r a r y  6x, the c o e f f i c i e n t  i n  the i n t e g r a l  must v a n i s h  

a t  a l l  p o i n t s  a long  t h e  path.  

The re fo re  

B u t  

Now i n  the l a s t  two terms r e p l a c e  t h e  dummy s u f f i x e s  p and 

by e. Then 

v 

&o( 
Mul t ip ly  through by g 
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From t h e  d e f i n i t i o n  of  the C h r i s t o f f e l  symbol - 

dx dx 
- - = o  dx ds +&} ds ds 

2 

For d = 1 , 2 , 3 , 4  th i s  g ives  the equat ions  of motion. 

Nota t i o n  : 

2 2 2 c2 d t 2  - dx - dy - dz 
2 

ds  = 

(Greek sub or s u p e r s c r i p t s )  0 , 1 , 2  , 3 

(Roman sub o r  s u p e r s c r i p t s )  1 , 2 , 3  

0 1 2 3  x - t i m e  coo rd ina te  x ,x ,x - s p a t i a l  coo rd ina te s  

2 Signature  - refers t o  l o c a l l y  f l a t  coo rd ina te s  ds = (+ ---) 

n a t u r a l  coord ina te s  - refers t o  the v i c i n i t y  of a po in t :  

coo rd ina te s  which move w i t h  c o n s t a n t  v e l o c i t y  

w i t h  r e s p e c t  t o  the p o i n t  qne s a i d  t o  be n a t u r a l  

coord ina tes .  

p roper  coord ina te s  - Near a p o i n t  the g r a v i t a t i o n a l  f i e l d  

can be transformed away by in t roduc ing  a f r e e l y  

f a l l i n g  coord ina te  system w i t h  r e s p e c t  t o  the 
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g r a v i t a t i o n a l  f i e l d .  Out of t he  fami ly  of co- 

o r d i n a t e  systems which a r e  f r e e l y  f a l l i n g ,  t h e  

one which i s  temporar i ly  a t  rest  wi th  t h e  p o i n t  

under cons idera  t i o n  i s  c a l l e d  the  proper  coord ina te  

system. A l l  t he  o t h e r  coord ina te  systems a r e  

c a l l e d  na tura  1 coordina t e  systems. 

A f r e e l y  f a l l i n g ,  non r o t a t i n g  observer  w i l l  n o t  see a 

g r a v i t a t i o n a l  f i e l d  i n  h i s  immediate v i c i n i t y .  That  i s ,  i n  a 

f i n i t e  f o u r  dimensional  space t i m e  reg ion  V ( inc lud ing  t h e  

observer  and h i s  l abora to ry )  t h e r e  i s  a l i m i t  of  exper imenta l  

accuracy such t h a t  no t r u e  g r a v i t a t i o n a l  f i e l d  can be de tec t ed  

wi th in  V a s  long a s  t h i s  accuracy i s  no t  exceeded. 

L e t  g rad  QG be a measure of  t h e  Riemann cu rva tu re  w i t h i n  V 

v and l e t  q be a t y p i c a l  dimension of V . Then i f  grad  9 G 
i s  too  smal l  t o  be measured, t h e  volume enc losed  wi th in  V i s  

f l a t  w i t h i n  experimental  accuracy. 

There i s  another  method of ob ta in ing  t h i s  r e s u l t .  The 

cu rva tu re  (grad $ ) g ives  t h e  a c c e l e r a t i o n  a t  any poin t .  I f  w e  
G 

assume a uniform cu rva tu re  (uniform a c c e l e r a t i o n )  w e  can 

determine t h e  t o t a l  a c c e l e r a t i o n  a " p a r t i c l e "  r ece ives  a s  it 

t r a v e r s e s  the  l a b o r a t o r y  

r e s i d u a l  a c c e l e r a t i o n  = grad  9, 
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The t i m e  of t r a n s i t  of l i g h t  a c r o s s  the l a b  i s  '/ c .  

From t h e  f a m i l i a r  formula fo r  f i n a l  v e l o c i t y  under uniform 

a c c e l e r a t i o n  - 

!I f i n a l  v e l o c i t y  = grad  +G Q c 

T h i s  f i n a l  v e l o c i t y  must be much less than  the v e l o c i t y  of l i g h t .  

A s  an  example cons ide r  a " labora tory"  whose dimensions a r e  

those  of an elementary p a r t i c l e .  

23 c m  * p/ c - 10 seconds -13 Q * 10 

2 grad  +G 4.S: cm/sec /cm 

and w e  conclude t h a t  the  r e s t r i c t i o n  i s  good f o r  e lementary 

p a r t i c l e s .  L e t  us  determine how much mass of an elementary 

p a r t i c l e  must have t o  v i o l a t e  t h e  r e s t r i c t i o n .  
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Consider t w o  e lementary p a r t i c l e s  t h a t  a r e  touclxing. This  

w i l l  p r e s e n t  t h e  s t r o n g e s t  poss ib l e  f i e l d .  

i f  f$Gk t h e  r e s t r i c t i o n  i s  no t  v a l i d  

46 - GM l o - '  x 7 - - =  
-26 10 

2 
R 

M * g / p a r t i c l e  



16 

14.3 Riemannian Geometry. 

It is impossible i n  t h i s  s e c t i o n  t o  exhaust  a l l  f e a t u r e s  

of Riemannian Geometry which might be r e l e v a n t  t o  gene ra l  

r e l a t i v i t y  problems, hence w e  s h a l l  concen t r a t e  on c e r t a i n  

b a s i c  f e a t u r e s  of Riemannian Geometry o r  those  of wide a p p l i c a t i o n s  

t o  r e l a t i v i t y  problems of i n t e r e s t .  The problem of r e l a t i n g  p r o p e r t i e s  

of Riemannian Geometry t o  Phys ica l  problems w i l l  be d iscussed  

i n  Sec t .  (14.4) and (14.9).  

(i) General ized Coordinate  Systems. I n  a space of n dimensions 

t h e  p o s i t i o n  of a p o i n t  P i s  c h a r a c t e r i z e d  by a set of n numbers 

( x i ]  . I n  a r ec t angu la r  or thodognal  coord ina te  system for an  

Eucl idean space,  it is always p o s s i b l e  t o  f i n d  a set of cons t an t  
* 

vec to r s  a' such t h a t  i 

__ 

*In what fo l lows  w e  s h a l l  u se  Eucl idean and Minkowskian. I n  t h e  

ord inary  usage a space i s  s a i d  t o  Eucl idean i f  t h e  l i n e  element d s  

has  t h e  fol lowing form: 

and a l l  coo rd ina te s  a r e  r e a l .  I n  t h e  Minkwskian space w e  have 

W e  s h a l l  u s e ,  f o r  our d i scuss ion ,  t h e  fol lowing d e f i n i t i o n  f o r  

an Eucleidean space:  A space is Eucleidean i f  a coord ina te  system 

ex i s t s  such that  

(continued on p.  1 7 )  
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;+ t h e  p o s i t i o n  of the p o i n t  P i s  given by )( ai . T h i s  i s  not t r u e  

i n  genera1,even i n  Eucl idean space.  For example, i n  a s p h e r i c a l  
3 

po la r  coord ina te  system, no such a set  of cons t an t  vec to r  a i  

e x i s t s .  I n  gene ra l  w e  must regard a p o i n t  i n  space of n-dimensions 

a s  cha rac t e r i zed  by a set  of numbers {xi/ , which se rves  a s  a 

r e p r e s e n t a t i o n  only:  t o  each p o i n t  P t h e r e  corresponds one and 

only one set \xi] . There cannot  be more than a f i n i t e  number 

of p o i n t s  f o r  w h i c h  P can be represented  by more than one set  of 

. (Example: t h e  p o i n t  of o r i g i n  ( O , O , O )  i n  a Car t e s i an  (.3 
coord ina te  system i s  (0,e ,@ ) i n  a p o l a r  coord ina te  system where 

8 and 9 a r e  a r b i t r a r y ) .  The p o i n t s  P a r e  t h e r e f o r e  the 

important  c o n s t i t u e n t s  of the s t r u c t u r e  of t h e  space ,  and t h e  

coord ina te s  only s e r v e  a s  a r e p r e s e n t a t i o n .  They have no 

s i g n i f i c a n c e  whatsoever t o  t he  i n t e r r e l a t i o n  among the p o i n t s .  

T h e  c o l l e c t i o n  of p o i n t s  of a space is o f t e n  c a l l e d  a 
/ 

manifold.  

(continued from p .  16) 

where b[@) ' $ 1  
such t h a t  du) = -1, v = 1,2,3, and e(d= +1, y = 4 .  The 

set of  G(?/) i s  t h e  s i g n a t u r e  of t h e  metric, and it can be 

shown t o  be i n v a r i a n t  under coord ina te  t ransformat ions .  

. A Minkowskian space w i l l  be taken t o  be one 
1 
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We s h a l l  assume t h e  fol lowing proper ty  f o r  t h e  manifold: 

(i) It has  t o p o l o g i c a l  p r o p e r t i e s .  That i s ,  t h e  concept of 

"being n e a r e r  t o  one p o i n t  than  t h e  o t h e r "  i s  app l i cab le .  This 

proper ty  enables  u s  t o  spec i fy  t h e  neighborhood t o  a p o i n t .  

(ii) It i s  p o s s i b l e  t o  e s t a b l i s h  a one-to-one correspondence 

r e l a t i o n s h i p  between t h e  p o i n t s  i n  t h e  neighborhood t o  p o i n t s  of 

an Euclidean space such t h a t  t h e  concept of "being nea re r  t o  one 

p o i n t  t han  t h e  o t h e r "  i s  t h e  same. T h i s  p roper ty  means t h a t  

t h e  space i s  l o c a l l y  Euclidean. 

(iii) The one-to-one correspondence r e l a t i o n s h i p  i s  continuous 

i n  both  spaces .  

( i v )  The space is simply connected. That i s ,  t h e  a rea  of any 

c losed  curve c a b e  made t o  become zero  by l e t t i n g  t h e  l eng th  of 

t h e  curve approach zero .  

These p r o p e r t i e s  are p a r t  of p r o p e r t i e s  of an Euclidean space.  

Returning now t o  a f o u r  dimensional space,  assume t h a t  t h e  p o i n t s  

of space a r e  represented  by a coord ina te  system 8 . L e t  t h e r e  be 

a second coord ina te  system {x"] . Because of t h e  one t o  one 

C J f  
and \.'Of t h e  )( 'U I 5 correspondence between a p o i n t  and 

V I  can be expressed a s  func t ions  of X 5 :  

(14.12) 
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S i m i l a r l y ,  w e  a l s o  have t h e  inve r se  t ransformation. :  

(14.13) 

Because of our requirement t h a t  coord ina te  systems a r e  only rep- 

r e s e n t a t i o n s  of t h e  p o i n t s  of a space,  it is  e s s e n t i a l  t h a t  

i nve r se  t ransformat ions  e x i s t  f o r  any coord ina te  t ransformat ion .  

Consider t h e  neighborhood t o  a p o i n t  P There e x i s t s  a one t o  

correspondence between p o i n t s  i n  thisneighborhood t o  p o i n t s  of a 

Eucl idean space.  W e  can de f ine  t h e  d i s t a n c e  between two p o i n t s  

P and P '  t o  be t h a t  between tk corresponding p o i n t s  i n  t h e  

(14.14) 

where {xf 1 is  t h e  coord ina te  system f o r  t h e  corresponding 

is  t h e  m e t r i c  t e n s o r .  JY Euclidean space.  The c o e f f i c i e n t  

I n  gene ra l  a r e  func t ions  of { x "] and {x*f only.  

The m e t r i c  t e n s o r  relates t h e  d i s t a n c e  between t w o  neighboring 

p o i n t s  t o  t h e  corresponding d i s t a n c e s  measured by t h e  coord ina te s .  
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2 Since  d s  d e s c r i b e s  an i n v a r i a n t  r e l a t i o n s h i p  between P 

and P', i n  a d i f f e r e n t  coord ina te  system {$') Eq. (14.14) 

(14.15) =$ dw'"clx'' 
d4 

The t w o  express ions  (14.14) and (14.15) a r e  e x a c t l y  equ iva len t .  

Using t h e  r e l a t i o n  

w e  f i n d  t h a t  the coord ina te  t ransformat ion  'i Y ' j  +?b {P]  
n e c e s s i t a t e s  t h e  fol lowing 

ax'"' ax 14 
t ransformat ion  law f o r  

(14.16) 

(14.17) 

Class  of q u a n t i t i e s  which t ransform l i k e  (14.16) and (14.17)  are 

known a s  t e n s o r s ,  which p lay  a v i t a l  r o l e  i n  Riemannian Geometry. 

(ii) Tensors.  

( a )  D e f i n i t i o n  and Alqebra.  

W e  d e f i n e  a c o n t r a v a r i a n t  t e n s o r  of rank n ( i n  a four  dimensional  

4 manifold as an e n t i t y  wi th  n components denoted by n supe r sc r ip t ed  

i n d i c e s ;  t h e  magnitude of t h e  va r ious  components a r e  geneaa l ly  

func t ions  of the coord ina te s  used ,bu t  t h e  va r ious  components of t h e  
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t e n s o r  t ransform according t o  the fol lowing law: 

This i s  a g e n e r a l i z a t i o n  of Eq. (14.16)  which i s  

formation for  an i n f i n i t e s i m a l  v e c t o r  a t  a given 

t h e  l a w  of t r a n s -  

p o i n t .  A contra-  

v a r i a n t  vec to r  of rank 0 is a s c a l a r  whose magnitude i s  a f u n c t i o n  

of t h e  p o i n t s  o f  t h e  manifold b u t  i s  independent of t h e  coord ina te s  

used. 

W e  d e f i n e  a c o v a r i a n t  t e n s o r  of rank n analogous t o  a cont ra -  

v a r i a n t  t e n s o r ,  by t h e  fol lowing p r o p e r t i e s :  

(14.191 

Hence, i f  a t e n s o r  has  ze ro  components i n  one coord ina te  system it 

has z e r o  components i n  all coord ina te  systems. W e  u se  s u b s c r i p t s  

t o  d i s t i n g u i s h  a c o v a r i a n t  t e n s o r  from a c o n t r a v a r i a n t  t e n s o r .  It 

i s  a c o v a r i a n t  t e n s o r  of t h e  w i s  seen t h a t  t h e  m e t r i c  t e n s o r  g 

second rank.  

A mixed t e n s o r  h a s  b o t h  s u p e r s c r i p t e d  and s u b s c r i p t e d  i n d i c e s ,  

t h e  t r ans fo rma t ion  l a w  is a mixture  of Eq.  (14.18) and (14.19):  
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The law of a d d i t i o n  of t e n s o r s  a p p l i e s  only t o  t e n s o r s  of the 

same rank and type (Cont ravar ian t  o r  Covar i an t ) ,  and a t  t h e  

same p o i n t  of t h e  manifold.  The r u l e  is  

. .$66.* .  
t ransforms l i k e  a t enso r .  --aclJ 8.- 

It is e a s i l y  shown t h a t  (T-kL)) 

The law of m u l t i p l i c a t i o n  of  t e n s o r s  a p p l i e s  t o  any two t e n s o r s  

a t  the  same p o i n t  of the manifold.  The r e s u l t i n g  t e n s o r  has  a 

rank equal  t o  the sum of tha t  of the two t enso r s .  W e  have: 

(14.22) 

...$&p&*... 
It i s  e a s i l y  shown t h a t  (Tu)-4br,elx ,,,. t ransforms l i k e  a 

t enso r .  The s imples t  example of Eq. ( 1 4 . 2 2 )  i s  t h e  t e n s o r  

A = CP D v  w h e r e  C and D a r e  vec to r s .  
)Ls 

The rank of a ' t e n s o r  may be reduced by 2 by summing over a l l  

components of a p a i r  of c o n t r a v a r i a n t  and c o v a r i a n t  i nd ices :  For 

d example 

can be shown t o  t ransform l i k e  a t enso r .  This ope ra t ion  is c a l l e d  
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fi 
A BL, c o n t r a c t i o n .  For example, the c o n t r a c t i o n  of t h e  t enso r  * i s  t h e  s c a l a r  product  A B where Ap and By a r e  two vec to r s .  

2) 
There is no d i f f e r e n c e  between c o n t r a v a r i a n t  and cova r i an t  

t enso r s  i n  r ec t angu la r  Ca r t e s i an  coord ina te s  i n  a Eucl idean 

space.  The d i f f e r e n c e  comes i n  when c u r v i l i n e a r  coord ina te  

systems a r e  used,  o r  when t h e  space i s  curved. .-* r r * .  
The cova r i an t  component of a c o n t r a v a r i a n t  t e n s o r  T 

i s  d e f i n e d  t o  be 

(14.23) 

Thus t h e  i n d i c e s  can be r a i s e d  o r  lowered by c o n t r a c t i n g  a new 

t enso r  made of products  of the metric t e n s o r  and t h e  c o n t r a v a r i a n t  

t e n s o r .  I n  o rde r  t o  d e f i n e  t h e  c o n t r a v a r i a n t  component f o r  a 

w e  need the c o n t r a v a r i a n t  components c+$a.** cova r i an t  t e n s o r  T,, . ,  

of t h e  m e t r i c  t e n s o r ,  which w e  d e f i n e  by  the s o l u t i o n  t o  t h e  

equat ion:  

(14.24) 

6( 
It i s  e a s i l y  shown t h a t  5 f t ransforms l i k e  a t e n s o r .  Eq. 

(14.24) is t h e r e f o r e  i n v a r i a n t  under coord ina te  t ransformat ions  and 

(14.25) 
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A t e n s o r  is s a i d  t o  be symmetric o r  ant isymmetr ic  wi th  r e s p e c t  

t o  a p a i r  of c o n t r a v a r i a n t  i n d i c e s  o r  cova r i an t  i n d i c e s  if t h e  

exchange of a p a i r  of t h e s e  t w o  i n d i c e s  r e s u l t s  i n  no change or 

only a change of s i g n :  

(14.26) 

Any t e n s o r  can  be w r i t t e n  a s  a sum of  symmetric and ant isymmetr ic  

t enso r s .  The metric t enso r  i s ,  by i t s  d e f i n i t i o n ,  a symmetric 

t enso r .  The symmetry p r o p e r t i e s  of a t e n s o r  are preserved i n  

t enso r  t ransformat ions  . 
Tensor d e n s i t i e s  of rank n and weight  w ( i n t e g e r )  are e n t i t i e s  

w i th  n4 components which t ransform according t o  t h e  fol lowing law: 

where ax'# is  t h e  Jacobian of t h e  coord ina te  t ransformat ion .  

S imi l a r  laws of t ransformat ion  e x i s t  f o r  cova r i an t  quant i t ies . .  

The volume T d y  

I"" I 
3 

can be shown t o  be a t e n s o r  d e n s i t y  of weight 

un i ty .  

An important  t e n s o r  dens i ty  of weighb one i s  t h e  Levi-Civi ta  

def ined  as 
P J C  

t e n s o r  d e n s i t y  
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+ 1 when c i s  an even permutat ion o f  1 2 3 4 

i s  an odd permutat ion of 1 2 3 4 

r J f 6  a r e  i d e n t i c a l .  0 when any p a i r  of 

- when w6 
(14.28) 

t h e  determinant  of a t enso r  of second rank h 
P3QQ 

Using 6 
P?’ 

G 

b. Tensor Calculus .  

We now ob ta in  r u l e s  f o r  d i f f e r e n t i a t i o n  f o r  t e h s o r s .  Ordinary 

d e r i v a t i v e s  of t e n s o r s  a r e  no t  i n v a r i a n t ,  s i n c e  t h e  coord ina te  

i n t e r v a l s  dx a r e  no t  i n v a r i a n t .  Fu r the r ,  t h e  d e r i v a t i v e  of 

a func t ion  f i s  def ined  a s  fo l lows:  

(14.30) 

A s  w e  have s a i d ,  a d d i t i o n  or  s u b t r a c t i o n  o f  t e n s o r s  can only be 

c a r r i e d  ou t  a t  t h e  same p o i n t .  I n  orde t o  c a r r y  out  t h e  d i f f e r e n -  

t i a t i o n  i t  i s  necessary t o  t r a n s p o r t  p a r a l l e l l y  t h e  va lue  of t h e  

func t ion  a t  p o i n t  P ‘  t o  P ,  t hen  t a k e  t h e  d i f f e r e n c e  and then  l e t  

P ’  approach P. 

Because t e n s o r s  a t  d i f f e r e n t  p o i n t s  of space t ransform 

d i f f e r e n t l y ,  a t r a n s p o r t e d  t enso r  i s  d i f f e r e n t  from t h e  o r i g i n a l  

vec tor  by a small  q u a n t i t y .  Consider t h e  c a s e  of a vec to r  A P 
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t r a n s p o r t e d  from a p o i n t  P' t o  P.: 

(14.31) 

c 

where A'{?') i s  t h e  value of a vec to r  AN[P') a t  P I t r a n s p o r t e d  

t o  t h e  p o i n t  P. SA)" g e n e r a l l y  depends on what coord ina te  

systems w e  use.  Its f o r m  is determined by r e q u i r i n g  t h a t  A'*") 
t ransforms l i k e  a vec to r  a t  P. Fur ther  &h*= 0 when A*= 0 ,  

and when A)( k .C f(p')-X+(P) = 0. The simp le  s t  f u n c t  iona 1 

+ 1 form of $A f o r  which t h e s e  cond i t ions  a r e  s a . t i s f i e d  is: 

(14.32) 

P- 
where 7 
determined l a t e r . '  

t enso r , )  The d e r i v a t i v e  of A 

by A, N. v, 

i s  some three- indexed q u a n t i t y ,  which w i l l  be 

is not a 

V 

c p r  + 
Jr 

(It should be noted t h a t  71 
i s  denoted w i t h  r e s p e c t  t o  x yc bs be shorrh bh. 

1 
is g iven  by t h e  equat ion:  

fl 
QX' 

Ajv 
?'+ P 

(14.33) 

From Eqs. (14.31) and (14.32) w e  f i n d  

(14.34) 

A space i n  which a law of para21el  t r a n s p o r t  l i k e  Eq. (14.32) i s  

s a i d  t o  have an a f f i n e  connect ion.  

1 



27 

W e  now determine . This w e  do wi th  t h e  a i d  of 

geodesics .  Geodesics a r e  equ iva len t  t o  s t r a i g h t  l i n e s ;  an  

observer  moving along a geodesic  should always f i n d  himself  moving 

i n  a d i r e c t i o n  tangent  t o  t h e  t r a j e c t o r y .  This is one of the  

most important  p r o p e r t i e s  of a geodesic .  By t ransforming 

P t o  i t s  t e rmina l  p o i n t  PI, w e  o b t a i n  another  vec tor  b p ( f ) w h i c h  

extends from P' t o  PIt.  W e  can aga in  t ransform b)('(?') p a r a l l e l l y  

a long i t se l f  from P' t o  Pll, and so on. A f t e r  many s t e p s  a broken 

curve w i l l  r each  another  p o i n t  P (Fig.  14 .1) .  L e t t i n g  bxN[pI+ 0 1' 

b u t  keeping P and P' f i x e d ,  t h i s  broken curve w i l l  become a 

cont inuous curve.  According t o  E q s .  (14.31) and (14. 3 2 )  we have 

the fo l lowing  r e l a t i o n  between bxy?) and &TPf) : 
(14.3 5) 

Divide Eq.  (14.34) by t h e  square of t h e  curve l eng th  between P and 

P' , and i n  the l i m i t  P I 4  P,  w e  have t h e  equat ion  f o r  t h e  curve 

This curve  w i l l  t hen  have t h e  proper ty  t h a t  t h e  tangent  t o  t h e  curve  
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a t  P) can be obta ined  a t  P ( t h e  d i r e c t i o n  is  the same as a)( 
by p a r a l l e l l y  t r a n s p o r t i q t h e  tangent  a t  another  a r b i t r a r y  p o i n t  

b 

P1 t o  P. 

(14.36) w i t h  Eq. (14.11) w e  f i n d  

Hence curves of t h i s  kind a r e  geodesics .  Compare Eq. 

(14.37) 

I n  a coord ina te  t ransformat ion  4*  \ does n o t  t ransform l i k e  
TY -6 

a t e n s o r ,  t h e  t ransformat ion  law f o r  I '  - i s  
VP 

It i s  e a s i l y  shown, though t e d i o u s ,  t h a t ,  w i t h  t h e  express ion  

(14.37) for T A ; t ransforms l i k e  a mixed t e n s o r  of t h e  

second rank i n  coord ina te  t ransformat ions .  A ;&I is known as the 

K H  
fi QIS 

c o v a r i a n t  d i f f e r e n t i a t i o n  of  Ar wi th  r e s p e c t  t o  t h e  metric 

. By cons ide r ing  t h e  p a r a l l e l  t r a n s p o r t  of t w o  

and by cons ider ing  t h e  p a r a l l e l  
tensor J d p  
vec to r s  A* and p3 
t r a n s p o r t  of their product  A'B' Eq. (14.37) i s  e a s i l y  extended 

t o  c o n t r a v a r i a n t  t e n s o r s  of a r b i t r a r y  rank: 
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wi th  r e s p e c t  
13) 

We now o b t a i n  t h e  cova r i an t  d i f f e r e n t i a t i o n  of g 

t o  i t s e l f .  F i r s t  w e  no te  t h a t  a t  a p a r t i c u l a r  p o i n t  P t h e  l i n e  

cf 9 
dfld'can be reduced t o  t h e  form dsL' &'*d x 34P element ds2- = 

by s h i f t i n g  t h e  o r i g i n  t o  t h e  p o i n t  P and de f in ing  t h e  new 

coord ina te s  by a n  equat ion s i m i l a r  t o  Eq. (14.35):  

6 
P- w h e r e T  (PI a s  a func t ion  of t h e  o l d  coord ina tes  

(14.39) 

i s  eva lua ted  a t  t h e  p o i n t  P. I n  t h e  new coord ina te  system w e  

f ind  t h a t  AiN(,?) = a )('( P') , and so t h e  c o v a r i a n t  

d i f f e r e n t i a t i o n  of a t e n s o r  i s  t h e  same a s  t h e  ord inary  

I 
Hence i n  t h e  f x'"3 system &))- = O  
t h e  express ion  

one f u r t h e r  f i n d s  t h a t  8 

. By d i f f e r e n t i a t i n g  

1 uo s f r9 Jvq 
WJ = 0. Since i n  t h e  f dN\ 

1 6  

system t h e  c o v a r i a n t  d i f f e r e n t i a t i o n  is  t h e  same as  ord inary  

d i f f e r e n t i a t i o n .  Since a t enso r  vanishes  i d e n t i c a l l y  i f  a l l  i t s  

components vanish i n  one coord ina te  system w e  can conclude t h a t  

MU 3 ; = -  = O  (14.41) 
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S i m i l a r l y  we  can d e f i n e  a three indexed q u a n t i t y  5~ such 

f r m  P t o  P' r e s u l k s  r t h a t  t h e  p a r a l l e l  t r a n s p o r t  of vec to r  A 

i n  a change which is 

(14.42) 

and t h e  c o v a r i a n t  d i f f e r e n t i a t i o n  of a vec to r  A wi th  r e s p e c t  

t o  t h e  metric t e n s o r  g is  : 
\& 

(14.43) 

It i s  easy t o  show t h a t  t h e  fol lowing l a w  holds f o r  c o v a r i a n t  

so  t h a t  

( 14.45) 

(14.47) 



31 

and sum over , since 

and 3 
8 P  

Multiply both equations by 3 
this results in eliminating 

@I* 

replacing t k  index 2, by$ . Substitute for 1 '  Eq. (14.36) , one 
do- 

obtains the following equation: 

e = - A T  e b U  (14.48) 

(14.49) 

Hence the rule for covariant differentiation is 

+ * -  ..+Fd *"" ...&.- * ... d . -  T"'+ 
(?..p... ); b e  ('..p..*' L d "'El'"' 

( 14 - 5 0  ) 
.I ... - -1' 6 - . r , .  

Ma- 

Using the above rule for differentiation and from the 
d 

symmetry properties of one can show that the following Pr 
quantities are tensors: 

(14.51) 
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(c) Curve Space and Curvature  Tensor. 

W e  have p o s t u l a t e d  t h a t  a curved space d i f f e r s  from an 

Eucleidean space by t h e  important  f a c t  t h a t  no coord ina te  system I)('\ exis ts  such t h a t  t h e  l i n e  element d s  may be reduced t o  the 

fol lowing form: 

2 

(14.52) 

a t  a l l  p o i n t s  of space;  i n  g e n e r a l  t h e  l i n e  element has  t h e  fol lowing 

form : 

( 14.53 ) 

where Apu 
)h 

a r e  func t ions  of 

mani fes t s  i t se l f  i n  t h a t  the p a r a l l e l  t r a n s p o r t  of a vec to r  A 

w i l l  i n t roduce  an a f f i n e  connect ion:  

This proper ty  a l s o  

(14.54) 

I f  t h e  space i s  Eucl idean,  t h e  a f f i n e  connect ion vanishes .  I f  a 

cons t an t  vec to r  is d isp laced  along a c losed  curve ,  and i f  t h e  space 

i n t e g r a t e d  along t h i s  c losed  curve w i l l  
+ 

i s  Eudlidean, t hen  

vanish  i d e n t i c a l l y  : 

(14.55) 
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and t h e  d i sp laced  vec to r  co inc ides  wi th  t h e  o r i g i n a l  vec tor .  I n  

such cases  t h e  space i s  s a i d  t o  be i n t e q r a b l e ,  and p a r a l l e l i s m  can be 

e s t a b l i s h e d  between two d i s t a n t  p o i n t s ,  f o r ,  cons ider ing  two d i s t a n t  

1 p o i n t s  P and P t h e  p a r a l l e l  t r a n s p o r t  of a vec to r  from P t o  P 

w i l l  - not  depend on t h e  pa th  of choice.  I n  gene ra l  t h i s  i s  no t  t r u e  f o r  a 

1' 

curved space ;  two v e c t o r s  a t  t w o  p o i n t s  on t h e  longi tude  on t h e  

equator  of t h e  e a r t h  p o i n t i n g  towards no r th  can be d isp laced  p a r a l l e l l y  

along t h e i r  meridian circles and when they reach  t h e  no r th  po le  they w i l l  

i n t e r s e c t  and t h e  angle  is  t h e  d i f f e r e n c e  between t h e i r  longi tude .  

We s h a l l  f i n d  cond i t ions  f o r  which Eq. (14,55) i s  t r u e .  The 

i n t e g r a b i l i t y  cond i t ion  is t h e  same a s  

(14.56) 

v 
W e  a r e  t o  f i n d  a cond i t ion  o n f , v  such t h a t  Eq. (14.56) i s  

t r u e  f o r  a r b i t a r a r y  A P . D i f f e r e n t i a t i n g  Eq. (14.56) 

wi th  r e s p e c t  t o  x , w e  have 
13 

Exchangep  and dd , s i b t r a c t  t h e  r e s u l t i n g  equat ion  from Eq. (14.57) ,  

w e  f i n d  t h e  cond i t ion  f o r  
' 

N 
I 

I 
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Define 

then the condition for q. (14.55) is 

(14.60) 

It can be shown by somewhat lengthy analysis that Eq. 

is the necessary and sufficient condition for Eqs (14.55), and 

(14.56). R is antisymmetric with respect to 9 a n d d  . From 

(14-60) 

Eq. (14.57) one obtains the expneession 

Since the left hand side transform like a tensor, the right 
Fc. 

side must transform like a tensor and hence, V&$ ahlo 

hand 

transforms like a tensor. R is called the Riemann-Ch stoffe 

curvature tensor. 

Tkre Riemann-Chistoffel curvature tensor satisfies the following 

identities: 

(i> w .e=?.- ric with respect to 
(14.62) 
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Iu lk * 
=’ ( t h e  sum of  permuting 

c y c l i c a l l y  vanishes)  (14.63) 

(iii) The Bianchi I d e n t i t y :  

(14.64) 

The Bianchi  i d e n t i t y  i s  obta ined  by f i r s t  d i f f e r e n t i a t i n g  t h e  c o v a r i a n t  

form of (14.61):  

(14.65) 

then  permuting t h e  t h r e e  i n d i c e s  ,/ v d  
adding t h e  r e s u l t ,  and then  s u b s t i t u t i n g  t h e  r e l a t i o n  

c y c l i c a l l y ,  and 

Often one uses  t h e  c o v a r i a n t  form of t h e  c u r v a t u r e  t e n s o r  which i s  

(14.67) 

Using t h e  C h i s t o f f e l  symbols of t h e  f i r s t  k ind  a s imilar  express ion  

t o  Eq. (14.60) may be obta ined  for  RP( 
P 
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From t h e  cu rva tu re  t enso r  one can o b t a i n  o t h e r  t e n s o r s  by 

c o n t r a c t i o n .  It is  e a s i l y  shown,by us ing  t h e  symmetry p r o p e r t i e s  of 

t h e  cu rva tu re  t e n s o r ,  t h a t  only fou r  d i f f e r e n t  types  of con t r ac t ed  

(14.69) 

and t h e s e  fou r  t e n s o r s  a r e  i d e n t i c a l  t o  each o the r  a p a r t  from a s ign .  

The m o s t  f r equen t ly  used form of t h e  con t r ac t ed  cu rva tu re  t e n s o r ,  

i s  symmetric w i t h  r e s p e c t  t o  and u . Because a l l  t e r m s  

I t o  show t h i s  we no te  t h a t  f$ L r  a r e  symmetric except  

m I  (14.71) 

where g a  1 i s  the  determinant  of g.  Hence \ ,p 
i s  symmetric w i t h  r e s p e c t  t o  and . 

The con t r ac t ed  Bianchi i d e n t i t y  i s  of i n t e r e s t  as it ti d i r e c t l y  

r e l a t e d  t o  t h e  E i n s t e i n  F i e l d  equat ion .  Cont rac t ing  Eq. (14.64) ,  
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we o b t a i n :  

(14.72) 

Exchange and i n  t h e  t h i r d  t e r m  and u s e  Eq. (14.62) w e  have 

(14.73) 

Mult iply Eq. (14.73) by g '' and sum over f I we f i n d  

(14.74) 

vl 
= -L- w M I  

U s e  theproper ty  t h a t  'R,u and 

f u r t h e r  c o n t r a c t i o n  of Eq. (14.74) wi th  r e s p e c t  t o  and 

d r e s u l t s .  i n  t h e  fol lowing equat ion:  

n 
(14.75) 

and sum over 0 w e  o b t a i n ,  f i n a l l y :  
PJ- 

Mult iply Eq. (14. 75) by g 

(14.76) 

pv yIV , H1/ 
The express ion  i n  t h e  p a r e n t h e s i s  is  o f t e n  denoted by & 3 p --.f L 

The E i n s t e i n  f i e l d  equat ion i s  obtained b equat ing  G t o  t h e  stress 

energy t e n s o r .  

and 256 f o r  R 
JA9 I ~ % 9 -  

There a r e  16 Gmponents f o r  R and g 
la 0 

t h e  symmetry cond i t ion  reduces t h e  number of independent components t o  
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Measurement P rocesses  i n  Genera l  R e l a t i v i t y  

The a c t  of measuring the d i s t a n c e s  between p o i n t s  i n  

space- t ime is  of fundamental  importance i n  t h e  framework of 

g e n e r a l  r e l a t i v i t y .  The u s e f u l n e s s  of t h e  concept  of t h e  

e x i s t e n c e  of " c u r v a t u r e "  i n  space- t ime depends on the e x i s t e n c e  

of a means of measuring d i s t a n c e  between ne ighbor ing  p o i n t s .  

Thus p a r t i c u l a r  a t t e n t i o n  s h o u l d  be p a i d  t o  d e f i n i n g  the 

p r e c i s e  method t o  be used  i n  making such  measurements. 

T h e  c l a s s i c a l  t echn iques  of comparing d i s t a n c e s  t o  

s t a n d a r d  "rods" and comparing t i m e s  t o  s t a n d a r d  "clocks" 

such  a s  the p e r i o d  of the e a r t h ' s  o rb i t  may n o t  be u s e f u l  

i n  t h e  g e n e r a l  r e l a t i v i s t i c  formalism. These s t a n d a r d s  

depend u l t i m a t e l y  on the cons t ancy  of t h e  fundamental  c o n s t a n t s  

of n a t u r e ,  e ,  h ,  G and the l i ke .  S i n c e ,  i n  c e r t a i n  formu- 

l a t i o n s  of t h e  g r a v i t a t i o n a l  t h e o r y ,  these " c o n s t a n t s '  a r e  

expec ted  t o  v a r y  w i t h  the expans ion  of the u n i v e r s e ,  t h e y  

a r e  n o t  u s e f u l  i n  d e f i n i n g  An a b s o l u t e  measuring a p p a r a t u s .  

What is needed i s  the e s t a b l i s h m e n t  of a procedure  fo r  

de te rmin ing  d i s t a n c e s  between space- t ime p o i n t s  whic'h does 

n o t  depend on these c o n s t a n t s .  Such a procedure  h a s  been  

developed  b y  Marzke i n  h i s  A.B. thesis a t  P r i n c e t o n ,  and is  

o u t l i n e d  b e l o w .  
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t ' 

Marzke Is Method of  Measurement 

$ 

L 

k 

Marzke 's  method f o r  t h e  measurements of t h e  p rope r  

t i m e s  between e v e n t s  i n  space- t ime i n v o l v e s  the use  of a 

s o - c a l l e d  "geodes ic  c lock" .  The l a t t e r  c o n s i s t s  of t w o  

m i r r o r s  t r a v e l i n g  a long  p a r a l l e l  p a t h s  i n  space- t ime w i t h  

a l i g h t  beam r e f l e c t i n g  back and f o r t h  between them. The 

q u e s t i o n  of how one goes about  c o n s t r u c t i n g  such  a d e v i c e  

w i l l  be discLlssed l a t e r .  However, assuming t h i s  geodes i c  

c l o c k  i s  set  up,  w e  can e x p e c t  t h e  p a t h s  o f  t h e  l i g h t  beam 

and mirrors  t o  appea r  a s  fo l lows .  

Fig.  1 

c o o r d .  

t i h e  e o * Y d *  

S i n c e  t h e  p a t h s  A'B'  and AC a r e  p a r a l l e l ,  t h e  p rope r  

t i m e  i n t e r v a l s  AB, BC, A ' B ' ,  e tc .  a r e  a l l  e q u a l  and w e  can  

deno te  t h i s  i n t e r v a l  by T .  I f  w e  f o c u s  o u r  a t t e n t i o n  on one 

m i r r o r ,  s a y  t h a t  one traveling from A t o  B t o  C, e t c . ,  and 

r e c o r d  each  i n t e r s e c t i o n  o f  the l i g h t  w i t h  t h e  mir ror  p a t h ,  
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t ,  

3 

then  w e  have a t iming  mechanism whose b a s i c  u n i t  (of proper  

t i m e )  is  T . 
It i s  t o  be e s p e c i a l l y  noted  t h a t  s i n c e  each i n t e r v a l  

is marked by t h e  i n t e r s e c t i o n  of a l i g h t  beam and a m a t e r i a l  

body (the m i r r o r ) ,  it i s  independent of t h e  Lorentz f r ame  

i n  which the  event  is observed,  and of any of t h e  poss ib ly  

v a r i a b l e  q u a n t i t i e s  l i k e  e ,  h ,  etc. 

This  appara tus  can be used t o  measu re  t he  r a t i o  of t h e  

proper  t ime f o r  two p a i r s  of events .  For  example, suppose 

w e  wish t o  compare the proper  t i m e  s e p a r a t i n g  events  and 

Q wi th  t h a t  s e p a r a t i n g  R and S , w e  would proceed a s  

f o l l o w s .  

< 

F i r s t  w e  choose one mirror which t r a v e l s  the space-time 

geodes ic  between even t s  P and R, and then p lace  t h e  second 

m i r r o r  so  t h a t  it t r a c e s  o u t  a nearby p a r a l l e l  t o  PR. 

Fig.  2 

S 

Y 
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A t  some p o i n t  a long  PR w e  a l low a l i g h t  beam t o  be 

emi t t ed  from t h e  m i r r o r  toward Q , and be r e f l e c t e d  back 

( d o t t e d  l i n e ) ,  and record  t h e  number of  i n t e r v a l s  o u r  c lock 

t i c k s  from t h e  happening of t h e  even t  a t  P u n t i l  t h e  l i g h t  

beam i s  emi t t ed  ( N I T ) ,  and u n t i l  t h e  beam r e t u r n s  t o  t h e  

f i r s t  mirror ( N 2 T ) .  Then t h e  d i s t a n c e  PQ i s  given by 

This  can be seen  i f  w e  t ransform t o  a system i n  which t h e  

m i r r o r s  a r e  a t  r e s t .  Then t h e  s i t u a t i o n  i s  a s  diagrammed 

below 

Fig .  3. 

I n  t h i s  system, o r  any o t h e r ,  w e  have 
I 

* a  
(PQ)2= f . - x  = ( f +  x) ( f -  x) 
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Now TL NIT 

x, which is  j u s t  x 

hence 

i s  t h e  t i m e  f o r  the l i g h t  beam t o  t r a v h  t o  
I 

( s i n c e  w e  have d e f i n e d  ( q - y f )  5 e ( c - q T )  

s i m i l a r l y  , 

and 

I f  w e  c a r r y  o u t  a n  i d e n t i c a l  p rocedure  n e a r  t h e  e v e n t s  R 

and w e  g e t  

Rs 

Thus 

and the i n t e r v a l s  a r e  compared i n  terms of o n l y  the a b s o l u t e  

q u a n t i t i e s  N N N and N . 1 2 3  4 
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It  remains t o  demonst ra te  a method f o r  de t e rmin ing  a 

p a r a l l e l  t o  a g iven  world l i n e .  Once t h i s  i s  accomplished 

w e  c o u l d ,  i n  p r i n c i p l e ,  choose a m i r r o r  t r a v e l i n g  a long  t h a t  

l i n e  and t h u s  complete c o n s t r u c t i o n  o f  a geodes i c  c lock .  

Such a method w a s  demonstrated by  Marzke f o r  a " l o c a l l y  f l a t "  

r eg ion  of  space- t ime.  I n  p r i n c i p l e  w e  can  always c o n f i n e  

a t t e n t i o n  t o  a s u f f i c i e n t l y  s m a l l  r e g i o n  such t h a t  c u r v a t u r e  

e f f e c t s  a r e  s m a l l e r  t han  a predetermined t o l e r a n c e  which w e  

might set .  fJI)RT'Cf' 3 

5 

Fig .  4 

A 

1 

Thus w e  wish t o  c o n s t r u c t  a p a r a l l e l  t o  t h e  wor ld  l i n e  

ACDF of F igu re  4. BF r e p r e s e n t s  t h e  p a t h  of a p a r t i c l e  which 

i n t e r s e c t s  t h e  p a r t i c l e  t r a v e l i n g  a long  ACDF, a t  F. A B  and 

BF r e p r e s e n t s  t h e  p a t h  o f  a l i g h t  r a y  emit ted from p a r t i c l e  1, 

reflected from p a r t i c l e  2 and r e t u r n i n g  t o  i n t e r s e c t  t h e  p a t h  

of  p a r t i c l e  1 a t  C. 
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Now w e  cons ide r  a t h i r d  p a r t i c l e  whose pa th  i n t e r s e c t s  

p a r t i c l e  1 a t  A ,  t h e  l i g h t  r a y  BC a t  X, and BF, t h e  pa th  of 

p a r t i c l e  2 a t  R. 

W e  imagine l i g h t  r ays  c o n s t a n t l y  emi t t ed  from p a r t i c l e  1 

and r e f l e c t i n g  off p a r t i c l e  3 t o  r e t u r n  t o  t h e  world l i n e  of 

p a r t i c l e  1. W e  select a p a r t i c u l a r  l i g h t  r a y  DEf,& which 

r e t u r n s  t o  p a r t i c l e  1 a t  F, and i n t e r s e c t s  p a r t i c l e  2 a t  Y. 

A geometr ica l  argument, based on Figure  5 ,  i n  which w e  

observe from a f r ame  i n  which p a r t i c l e  1 i s  a t  r e s t ,  demon- 

s t r a t e s  t h a t  XY is  t h e  requi red  p a r a l l e l  

Fig.  5. 

1 
Poin t  A has  been a r b i t r a r i l y  chosen t o  be a t  (xL0 ,  t=O) ,  

and C is assumed t o  correspond t o  t h e  p o i n t  2a i n  ou r  system. 

B then  l ies  a t  ( - a , a )  s i n c e  ABC i s  a r i g h t  & ( p a t h  of  a l i g h t  r a y ) .  

Poin t  E l i e s  a t  (-b,d) t hus  d e f i n i n g  the l e n g t h s  b and 4. 
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Since  DEF is  a l s o  a r i g h t  a n g l e ,  D and F m u s t  l i e  a t  (old-b)  

and (o,d+b)  r e spec t ive ly .  

Poin t  x , t h e  i n t e r s e c t i o n  of AE and BC then  l i e s  a t  

While p o i n t  y , t h e  i n t e r s e c t i o n  of DE and BF l i e s  a t  

d-b, + - b+d 

Thus t h e  l i n e  XY i s  p a r a l l e l  t o  the +' a x i s  and 

thus  p a r a l l e l  t o  ACDF. 

Extension t o  measurements i n  non " l o c a l l y  f l a t "  req ions .  

The development of  a measurement method i n  a l o c a l l y  f l a t  

reg ion  provides  a procedure f o r  making measurements i n  extended 

r eg ions  i n  which the cu rva tu re  of space-time i s  non-negl ig ib le .  

Suppose, f o r  example, o u r  t w o  mirrors begin  motion on p a r a l l e l  

world l i n e s ,  t h e  ex i s t ence  of t h e  cu rva tu re  of  space t ime,  o r  

e q u i v a l e n t l y ,  t h e i r  mutual a t t r a c t i o n ,  r e s u l t s  i n  the gradual  

decrease  i n  sepa ra t ion  between the mirrors .  This  r e s u l t s  i n  
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v a r i a t i o n s  i n  t h e  b a s i c  u n i t  of t i m e ,  , and hence l e a d s  

t o  i n a c c u r a c i e s  i n  o u r  geodesic c lock .  The magnitude of 

t h e  inaccuracy  i s  e a s i l y  e s t i m a b l e .  Suppose o u r  mirrors 

a r e  t r a v e l i n g  t h e  w o r l d  l i n e  p a t h s  shown i n  F igu re  6. 

F ig .  6. 

I 

A t  any p o i n t  a l o n g  t h e s e  c u r v e s ,  t h e  t i m e  i n t e r v a l  f o r  

a t r a v e r s a l  of a l i g h t  beam between t h e  mirrors  i s  propor- 

t i o n a l  t o  t h e  s e p a r a t i o n  d i s t a n c e  d. Then t h e  f r a c t i o n a l  

v a r i a t i o n  i n  t h i s  t i m e  fo r  t w o  p o i n t s  a l o n g  t h e  pa th  is  

d2 -dl - 2a p r o p o r t i o n a l  t o  - - 
d, I I 

Assuming sma l l  c u r v a t u r e s  w e  have 
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and, s i n c e  6 = 8 , then 

A - 1’ 
- 2dl 

Here, h i s  t h e  e l apsed  t i m e  between the  t w o  p a i r s  of 

p o i n t s ,  and d is  roughly t h e  r a d i u s  of c u r v a t u r e  of t h e  

world l i n e s .  For  c a s e s  where compares w i t h  d t h i s  

e r r o r  can be a s e r i o u s  problem. 

1 

I’ 

Suppose, however, t h a t  w e  d i v i d e  t h e  pa th  h , i n t o  N 

p o r t i o n s ,  then t h e  e r r o r  i n  each portio: i s  given by 

assuming t h a t  a new geodesic  c lock  is cons t ruc t ed  i n  each 

po r t ion .  Then t h e  o v e r a l l  e r ror  i s  then 

Thus w e  can make o u r  geodes ic  c lock  a s  p r e c i s e  a s  i s  

necessa ry  by us ing  s m a l l e r  and sma l l e r  i n t e r v a l s .  Hence 

measurements of space t i m e  d i s t a n c e s  ove r  reg ions  of any 
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s i z e  a r e  f e a s i b l e  using a measuring technique which is  

independent of var iat ions  i n  the fundamental "constants" 

of the universe.  



RIEMANN-CHRISTOFFEL TENSOR 

The f i r s t  c o v a r i a n t  d e r i v a t i v e  of A' r e p r e s e n t s  a 

t e n s o r  q u a n t i t y  

The c o v a r i a n t  d e r i v a t i v e s  of t e n s o r s  of  t h e  second rank 

a r e  def .ined ana logous ly  t o  c o v a r i a n t  d e r i v a t i v e s  of v e c t o r s .  

For  t h e  c a s e  i n  which t h e  t e n s o r  i s  Ap;v w e  have 

S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  A p;v 

The o n l y  t e r m s  t h a t  a r e  a l t e r e d  i f  v and u1 a r e  i n t e r -  

changed a r e  t h e  second and l a s t  terms. These t w o  terms can 

be w r i t t e n  a s  
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2 

The second c o v a r i a n t  d e r i v a t i v e  of A P  can a l s o  be 

w r i t t e n  

S u b t r a c t i n g  t h e  two express ions  f o r  second c o v a r i a n t  de r iva -  

t i v e s  of AP one g e t s  

where RvwEP is t h e  Riemann-Christoffel t enso r .  

From t h e  d e f i n i t i o n  of t h e  Rgmann-Chris toffel  t e n s o r  

t h e  fo l lowing  symmetries a r e  apparent :  

)r L e t  is  now c o n s i d e r  a c o n s t a n t  v e c t o r  A . The c o v a r i a n t  

d e r i v a t i v e  of t h e  v e c t o r  w i l l  vanish.  
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I f  t h i s  e q u a t i o n  makes dAp a complete  d i f f e r e n t i a l  

between any 

t i o n .  T h i s  

t w o  p o i n t s  i s  independent  of t h e  p a t h  of i n t e g r a -  

v e c t o r  can now be c a r r i e d  t o  any p o i n t  b y  p a r a l l e l  

d i sp lacement .  Such a procedure  w i l l  g i v e  a unique r e s u l t  

independent  o f  t h e  pa th  chosen. 

The f i rs t  t a s k  i s  t h u s  t o  de termine  under what c o n d i t i o n s ,  

i f  any,  d A p  i s  a p e r f e c t  d i f f e r e n t i a l .  

From t h e  t h e o r y  o f  d i f f e r e n t i a l  e q u a t i o n s  dAy w i l l  be 

a complete d i f f e r e n t i a l  i f  

Th i s  c o n d i t i o n  i s  

Tq$ A *  i s  a complete  d i f f e r e n t i a l .  

it 
Subs u t ing .  from Eq. (1) k 
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The cond i t ion  t h a t  dAp is  a p e r f e c t  d i f f e r e n t i a l  is  

s a t i s f i e d  i f  t h e  Riemann-Christoffel  t e n s o r  vanishes .  This  

means t h a t  i f  R W E F  = 0 w e  can c o n s t r u c t  an  uniform v e c t o r  

f i e l d  ove r  t h e  e n t i r e  space.  

This  i n t e r e s t i n g  proper ty  of t h e  Riemann-Christof f e l  

t e n s o r  is very  i n t i m a t e l y  r e l a t e d  t o  t h e  p r o p e r t i e s  of  t h e  

space.  For  in s t ance  it is easy  t o  imagine desc r ib ing  a uniform 

d i r e c t i o n  on a p lane  b u t  t h e r e  seems t o  be no analogy on a 

sphere.  This  would seem t o  i n d i c a t e  R,,& w i l l  van ish  on 

a plane b u t  n o t  on a sphere.  

Condi t ion f o r  F l a t  Space-Time 

A d e f i n i t i o n  of  f l a t  space-time is  a reg ion  of t h e  world 

a r e  c o n s t a n t s  i n  some coovrdinate system. 
gry 

where 

When t h e  gp a r e  c o n s t a n t s  t h e  3 index C h r i s t o f f e l  

symbols a l l  vanish  s i n c e  they  c o n t a i n  only  d e r i v a t i v e s  of 

. However, s i n c e  these  symbols do n o t  form a t e n s o r  gPv 0 

they  w i l l  n o t  i n  gene ra l  cont inue  t o  vanish  a s  o t h e r  coord ina te  

systems a r e  cons idered  i n  t h e  same f l a t  reg ion .  

Reca l l  now t h a t  t h e  Riemann-Christoffel  t e n s o r  is  com- 

and products  of  d e r i v a t i v e s .  P posed of d e r i v a t i v e s  o f  g 

Obviously i f  g 

tensor w i l l  a l s o  vanish .  And s ince it i s  a t e n s o r  it w i l l  

a r e  cons t an t  t h e  Riemann-Christoffel  PV 
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cont inue  t o  van i sh  a s  o t h e r  coord ina te  systems a r e  s u b s t i t u t e d  

i n  t h e  same space.  

Hence t h e  vanish ing  of t h e  Riemann-Christoffel  t e n s o r  

i s  a necessa ry  cond i t ion  f o r  f l a t  space t i m e .  

Another way t o  s h o w  t h a t s p a c e  i s  f l a t  is  t o  c o n s i d e r  

t h e  ang le  between a u n i t  v e c t o r  and a geodesic .  

).\" = u n i t  v e c t o r  
? '& where 

gMP 
cos e = 

0 i s  an i n v a r i a n t  angle  i f  

dx' dx? 
d s  (F);& = from The second term is ze ro  b e c a u s e  - 

t h e  equat ion  f o r  a geodesic  
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and x" a r e  i n  gene ra l  n o t  z e r o  dxb 
'9 d s  Since  

must be zero .  Hence the  first term i n  Eq. (2) i s  a l s o  zero .  

Thus cos  8 i s  an i n v a r i a n t  i n  f l a t  space-time. 

From t h e  d e f i n i t i o n  o f  the  cu rva tu re  t e n s o r  

one can s t r a i g h t f o r w a r d l y  v e r i f y  t h e  Bianchi  I d e n t i t y  

The proof is  long and reasonably  t ed ious .  One m u s t  first 

determine the c o v a r i a n t  d e r i v a t i v e  fo r  a rank f o u r  t e n s o r  - 

then  s imply sum up the terms. 

s i n c e  the dummy i n d i c e s  T and e can be interchanged.  

L e t  g r ep reseh t  the de terminant  formed from the  metric 

t e n s o r  

g12 '13 '14 I 

0 

'31 '32 93 3 g34 

'4 1 '42 '43 g44 
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dg is  found by  t a k i n g  the d i f f e r e n t i a l  of each  9 y r 
and m u l t i p l y i n g  by i t s  c o - f a c t o r  g.gPv . This  formula i s  

q u i t e  t r a n s p a r e n t  i f  t h e  d e t e r m i n a n t  is expanded by c o f a c t o r s  

and  each  term is  d i f f e r e n t i a t e d .  Then 

Equat ion  ( 2 )  now becomes 

The  minus s i g n  o c c u r s  i n  t h e  r a d i c a l  because  it i s  

always n e g a t i v e  f o r  r e a l  c o o r d i n a t e s .  D i f f e r e n t i a t i n g  a g a i n  

Curva tu re  R e l a t i o n  f o r  E m p t y  Space 

C o n t r a c t  t h e  B ianch i  i d e n t i t y  
V = p  

M u l t i p l y  b y  g %P 
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Cont rac t  ove r  9 and ub (q = W ) .  Reca l l  RuwqF = R m  PI 

Mult ip ly  by g )a= 

T h i s  i s  the r e l a t i o n  t h a t  R s a t i s f i e s  i n  empty space.  

Our r e s u l t  is very  s i m i l a r  t o  E i n s t e i n ’ s  Equation 

where TP’ is the energy momentum, 

S p e c i a l  Case of Geodesic Equation 

The g e n e r a l  form of t h e  geodes ic  equat ion  
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is r a t h e r  i n t r a c t a b l e  because  16  terms i n  Q and # must be 

summed f o r  even one component of x . L e t  u s  c o n s i d e r  t h e  

s p e c i a l  c a s e  of a s lowly  moving p a r t i c l e  i n  a space  which i s  

n e a r l y  f l a t  ( g i i e  -1; g o o e + l ;  g,+ m 0 f o r  W #  Q 1 -  

oc 

T h i s  is t h e  c l a s s i c a l  s i t u a t i o n  and w e  e x p e c t  Newton's 

g r a v i t a t  ;.on law w i l l  ho ld .  

% 2 2 2 GM X P r = ( x  + y  + z )  
r 

d2xp - 
2 

- - - -  
3 

d t  

S i n c e  the p a r t i c l e  is  moving slowly w e  can  i n  g e n e r a l  

2 
n e g l e c t  t h e  s p a t i a l  p o r t i o n s  of ds . 

0 
dx - b-1 
ds 

dxi - - 1  
ds 

s i n c e  
2 2 

ds  t s  c2 d t  

Then the geodes i c  e q u a t i o n  becomes 

2 9%- + rp = o 
2 2  00 c d t  

where 
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f 4 . Disca rd ing  of f -  dXO Since  - * 1 r0 = 0 and d s  00 

d iagona l  terms of g r g  and r e c a l l i n g  g = -1 

d 2xk 1 ago0  

Comparing t h i s  w Newton's Law of G r a v i t a t i o n  - 

d2xk - + l a  (grav.  p o t e n t i a l )  - -  
2 2  c d t  

so GM xi 

r 
T h e  g r a v i t a t i o n a l  p o t e n t i a l  (bG i s  - - 2 

and 

- 2GM 
2 c r  

- - -  
goo 

is  s t i l l  a r b i t r a r y  t o  w i t h i n  a c o n s t a n t .  - 1 when r-+'=-. F i n a l l y  

goo However, 

goo This  c o n s t a n t  i s  chosen so 

2GM = 1 - -  
2 c r  goo 



C l a s s i c a l  F i e l d  Theory 

I n  t h e  prev ious  s e c t i o n  w e  showed t h a t  t h e  geodes ic  

equat ion  i n  t h e  c l a s s i c a l  l i m i t ,  

w i th  

was equ iva len t  t o  the Newtonian equat ion 

W e  must now g e n e r a l i z e  o u r  idea  of d e n s i t y  i n  a way which i s  

s i m i l a r  t o  t h e  g e n e r a l i z a t i o n  of e lectr ic  charge d e n s i t y  t o  

c u r r e n t  d e n s i t y  i n  e lectrodynamics.  The gene ra l i zed  

d e n s i t y  must be some k ind  of t e n s o r  s i n c e  t h e  geodes ic  equat ion  

c o n t a i n s  t h e  metric t enso r .  

The Enerqy-Momentum Tensor 

If w e  d e f i n e  a Lagrangian d e n s i t y  A ( 8 , a9/a,e ) 

such t h a t  the Lagrangian i s  g iven  a s  
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t h e  equat ions  of motion of t h e  system a r e  obta ined  from t h e  

p r i n c i p l e  of l e a s t  a c t i o n ,  

= 0. 

I f  w e  adopt  the  coord ina te s  

x = x ,  x = y ,  x = z , x  = i c t  1 2 3 4 

and w r i t e  

i c  dv d t  = d- 

and 

2 2 2 2 c2 d t  - dx - dy - dz d s  = 1 

2 

then 

Wri t ing a4 /akd  = 7 1 4  w e  have 
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This  e x p r e s s i o n  may be s i m p l i f i e d  u s i n g  t h e  i d e n t i t y ,  

and t h e  f a c t  t h a t  6q v a n i s h e s  a t  t h e  end p o i n t s  of t h e  

i n t e g r a t i o n .  Now w e  have t h a t  

b u t  s i n c e  & q  
motion, 

i s  a r b i t r a r y ,  t h i s  reduces  t o  t h e  equa t ion  of 

W e  now look fo r  some conserved q u a n t i t i e s .  W e  c an  w r i t e  

Using the e q u a t i o n  o f  motion and the f a c t  t h a t  

w e  have 
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Introducing the notat ion 

w e  have 

Thus the T *  2 represent some kind of conserved 

q u a n t i t i e s .  The T, b 

expect  t h a t  the q u a n t i t i e s  

w i l l  be constant i n  t i m e  and w e  4 ,  

w i l l  be assoc ia ted  wi th  energy and momentum. Thus w e  w r i t e  

the four-momentum, Po( 8 a s  
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= c o n s t a n t  $ T,' d V  

which p4' The c o n s t a n t  may be determined by cons ider ing  

i n  o u r  n o t a t i o n  should  be E/c . W e  have 

Pq = c o n s t a n t  I T :  d V  

and 

By comparing t h i s  wi th  t h e  u s u a l  formula r e l a t i n g  t h e  energy 

t o  t h e  Lagrangian, w e  see t h a t  - T 

a s  the energy d e n s i t y  of the system. Therefore ,  

must be considered 4 

W e  can  now g e n e r a l i z e  t h i s  r e s u l t  t o  the c a s e  t h a t  the 

i n t e g r a t i o n  is  ove r  an a r b i t r a r y  3-dimensional hypersur face  

element ds and k '  

This  fo l lows  from Gauss' theorem 
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k i s  c a l l e d  the energy-momentum t enso r .  ' d  

It is  a l s o  poss ib l e  to c o n s t r u c t  other conserved 

q u a n t i t i e s  when T d B  i s  symmetric. W e  w r i t e  

M ' p  = ( x ' d P  e - xfdP,) 

I f  M is  t o  be conserved w e  r e q u i r e  t h a t  

us ing  the  f a c t  t h a t  

t h i s  cond i t ion  reduces  t o  

4 t? TP - T M  
= o  

&I-+ i s  the  four-angular  momentum of the  system and w i l l  be 

conserved on ly  i f  T, 0 is a symmetric t enso r .  
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T a r  is  i n  gene ra l  n o t  symmetric, b u t  it can be made 

symmetric by adding t o  it a term of t h e  form 

wi th  

s ince  

T, 6 s t i l l  s a t i s f i e s  t h e  equat ion 

Energy-&omentum Tensor f o r  a System of  Free P a r t i c l e s .  

The mass  d e n s i t y  f o r  t h i s  system can be w r i t t e n  a s  

Then t h e  four-momentum d e n s i t y  w i l l  be f C u' wi th  
d 4  4 U' = dx /dS . Since  t h i s  d e n s i t y  i s  e q u a l  t o  -L w e  

C 

have T d q  = A ?  c2 U '. B u t  s i n c e  t h e  mass  d e n s i t y  i s  t h e  
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t i m e  component of t h e  four -vec tor  sf: a x 6  - , w e  expect  t h a t  i d s  

T ' e  = c2 u 4 U g  

a I n  t h i s  n o t a t i o n  U U d  = - 1, t h e r e f o r e  

T d 4  = - f ) c  2 

The Enerqy-Momentum Tensor f o r  a Perfect F l u i d  

The conserva t ion  equat ion f o r  t h e  energy-momentum t e n s o r  

can a l s o  be w r i t t e n  as  

ar*i + - = n  I a r k 4  - -  
lr. a t  

where & v  a t ake  on the  

over  a volume V i n  t h r e e  

va lues ,  1, 2 ,  3 . I f  w e  i n t e g r a t e  

spaces  the first equat ion becomes 
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o r  by Gauss' Theorem, 

A 

i 
c 8 Tg df b 

at 
- ( - T: ) d V  = 

\r s 

where t h e  s u r f a c e  S sur rounds  the volume V . 
The express ion  on the l e f t  is  t h e  r a t e  of change of t h e  energy 

conta ined  i n  t h e  volume V, and therefore the q u a n t i t y  on t h e  

r i g h t  i s  t h e  amount of energy t r a n s f e r r e d  a c r o s s  S p e r  

u n i t  t i m e .  

From t h e  second equat ion  w e  have 

On t h e  l e f t  i s  the change of momentum of the system i n  the  

volume V pe r  u n i t  t i m e ;  t h e r e f o r e  f TiJ df 

emerging from the volume V p e r  u n i t  t i m e .  

of t h i s  t e n s o r  i s  the amount of the 

is t h e  momentum 
j 

j The component Ti 

iTncomponent of the 

momentum pass ing  i n  u n i t  tim-k u through 

a u n i t  s u r f a c e  perpendicular  t o  t h e  x p a x i s .  

Now, if w e  cons ide r  a p e r f e c t  f l u i d ,  t h e  energy-momentum 

t e n s o r  i n  the res t  frame of a f l u i d  element  d V  w i l l  be 

4 - TS p c 2  = E 



where P i s  the pressure  and p i s  t h e  dens i ty .  W e  can w r i t e  

0 

0 

0 

- E ,  

The requirement  t h a t  T d d  f o l e a d s  t o  the cond i t ion  

I n  t h i s  n o t a t i o n  w e  have been us ing  

x = z ,  x = i c t  
3 4 1' x = Y1' 2 

x = x  1 

and 

2 2 2 
c2 d t  - dx - dy 

2 
ds = 

T h i s  r e q u i r e s  a metric t e n s o r  of t h e  form 

4- 0 0 0 

0 - 1  0 0 

0 0 - 1  0 

0 0 0 + 1  

2 - d z  . 

Thus w e  have t h a t  



I f  w e  now change t o  t h e  coord ina te s  

-P 

0 

0 

0 

0 0 0  

-P 0 0 

0 -P 0 

o o e  

x I = x ,  x ’ = y ,  x l = z ,  
1 2 3 

w e  have t h a t  

x I = c t  4 

and 

-1 0 0 

0 -1 0 

0 0 -1 

I o  0 0 

I n  t h e s e  new coord ina te s  w e  a l s o  have t h a t  

T “P  = 

P O 0  

O P O  

O O P  

0 

0 

0 

-E I o  0 0 
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W e  now l a b e l  these proper  coord ina te s  (primed v a r i a b l e s )  

w i t h  a s u b s c r i p t  ze ro  and cons ide r  a t ransformat ion  

a r b i t r a r y  coord ina te  system. 

3 
AXIL^ bx 

a x  ax 

d X A ”  3 x 3  

a x  a x  

+ - -  a x &  3x3  11 

’ dxfi 8x9 33  

2 T 1 0  
- - -- 

0 0 0 
ax 3x 

a x  bx 

0 

+ - -  
4 4 

+ -- T 
0 

3 0  
0 0 0 

t o  ano the r  

22 
TO 

44 
0 
T 

and 

I f  w e  add 

t o  t h e  equat ion  f o r  T above, w e  f i n d  t h a t  

a x &  A X J  T” = - g I 3  p + ( p  + E )  - __ 4 

A x 4  0 dx 0 

But because the xo ‘ a r e  proper  coord ina te s ,  
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= dS = dS 
4 dx 
0 0 

and 

F i e l d  E q u a t i o n s  

I f  w e  w i s h  t o  ob ta in  the  Newtonian e q u a t i o n s  of motion 

i n  the weak f i e l d  c a s e ,  t h e  f i e l d  equat ion  

\\ 0 

Q j q  = ( cons t an t )  

where “Q’‘ 

d i scuss ion  w e  have shown t h a t  

i s  some second o r d e r  ope ra to r .  

m u s t  have t h e  form 

I n  the  above 

f o r  a Lorentz  metric. For the  case  of a gene ra l  metric, 

t h i s  cond i t ion  becomes 

This  l e a d s  t o  the requirement  

0 

t h a t  
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StmpLeS? QunUT'TY 
The eta which w i l l  f u l f i l l  these cond i t ions  is  

R d B  - 1/2 g d p  R . 

Thus w e  o b t a i n  the equa t ions  

R ' P  - 1/2 R = cons t .  T 

which a r e  c a l l e d  E i n s t e i n ' s  f i e l d  equat ions .  
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SIMPLE SOLUTION OF FIELD EQUATION 

W e  would now l i k e  t o  de te rmine  the s o l u t i o n  of a par-  

t i c u l a r  problem - an  i s o l a t e d  p a r t i c l e  c o n t i n u a l l y  a t  rest 

a t  the o r i g i n .  I n  o b t a i n i n g  t h i s  s o l u t i o n  w e  s h a l l  be guided  

by  o u r  knowledge of the t y p e  of s o l u t i o n  of such  a p a r t i c l e .  

I n  p a r t i c u l a r  - 

1) a t  i n f i n i t y  Newtonian f i e l d  t h e o r y  should  be a p p l i c a b l e .  

2 2 2 2 
ds  = - (dx + dy2 + dz  ) + d t  

2) the  s o l u t i o n  should  be s p h e r i c a l l y  symmetric 

3 )  t i m e  i s  d e f i n e d  i n  u n i t s  of l/c - t h e  l e n g t h  of t i m e  

-11 
f o r  l i g h t  t o  t r a v e l  1 c m .  l /c 'V-r 3 . 3 4  x 10 sec. 

l e n g t h  is d e f i n e d  a s  u s u a l  i n  terms of c m .  

mass is  d e f i n e d  a s  c /G = 1.39 x 10 2 2 8  grams 

The i n t e r v a l  f o r  Euc l idean  Space i n  f e r m s  of s p h e r i c a l  

p o l a r  c o o r d i n a t e s  i s  

ds 2 = - dr2 - r de - r2si&3d+2 + d t  2 

The  most g e n e r a l  form of the i n t e r v a l  p o s s i b l e  w i t h o u t  

d e s t r o y i n g  t h e  s p e r i c a l  symmetry i n  space  is 

2 2 2  2 2  2 2 
= - U ( r ) d r 2  - V ( r ) ( r  de + r s i n  e a + )  + W ( r ) d t  ds 
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- 2 -  

2 2 2 
1 L e t  r = V ( r ) r  . Then d s  becomes 

d s  = - Ul(rl)d$ .,(de2 2 + s i n  2 + Wl(r l )d t  2 

I f  t h e  func t ions  U and W d i f f e r  from u n i t y  by on ly  a 1 1 

smal l  amount, bo th  r and r w i l l  have approximately t h e  1 

p r o p e r t i e s  of t h e  v e c t o r  r i n  Eucl idean space.  Hence it makes 

no d i f f e r e n c e  which w e  choose a s  ou r  fundamental r a d i u s  vec to r .  

Choose r and drop  t h e  s u f f i x .  1 

2 e x 2  d r  - r2de2 - r2 s i n  2 0 d 4  2 + e\‘ d t 2  d s  = - 

where and y a r e  func t ions  of r only.  

From our  prev ious  s p e c i f i c a t i o n  t h u t  a s  r-c-the gravi -  

t a t i o n a l  f i e l d  diminishes,- a n d 9  must go t o  z e r o  a s  

becomes 
Yy 

The metric t e n s o r  g 

4 2 The de terminant  g obvious ly  is s imply -ex ev  r s i n  8 .  
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The g.pv vanish whenever p z v s o  

The fol lowing cases a r e  p o s s i b l e  

By c a r r y i n g  o u t  t h e  d i f f e r e n t i a t i o n  it is easy t o  determine 

a l l  t h e  nonvanishing r's. 

I 1 
I I  

z 3 

r = z  

= l /#r r\'L = r13 

4 1 1  
r,4 = 2 v 

5 2  
-r 

1 -  - -  re 

From t h e  E i n s t e i n  Eq: 

3 rZ3 = c o t  0 

1 -r 
=-r s i n 2  e e r3 3 

2 r33- - - s i n  8 c o s 0  

1 v-x r i 4 =  - 2 e V '  
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where 

and 

I n  empty space ,  however, the mass-energy t e n s o r  van i shes  

and t h e  E i n s t e i n  equat ion  t a k e s  a much s imple r  form. 

ac ocv 
R = R, = g  

Then 

F i n a l l y  i n  empty space w e  have 

= o  
PV 

R 

w 

S u b s t i t u t e  f r o m  the l i s t  of nonvanishing r's 
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2 2 2 2 2 -x 2 
= s i n  e e-’ - r s i n  exe-’ + cos e - s i n  e - s i n  e e - cos e 

1 2 I -x “x+ lY, I s i n  2 ee -x 
2 + - r s i n  QXe + s i n  8 e  2 

I 2 
= s i n 2 e  e-’(l-r$+ f r x’ + r v )  - s i n  Q = o 2 

The e q u a t i o n s  which must be s a t i s f i e d  a r e :  
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I n  Eq. (d) the  q u a n t i t y  w i t h i n  t h e  b r a c k e t s  can  be set  

e q u a l  t o  0. Then adding  Eq.  ( a )  and Eq.  (d) 

S i n c e  \I and go t o  z e r o  a s  r-oo t h i s  q u a n t i t y  can  

be i n t e g r a t e d  t o  g i v e  

E q .  (b) becomes 

e -1 ( 1 +  r v )  I = 1  

L e t  e' = 'd . Then 

i n t e g r a t i n g  

where 2 m is  an  i n t e g r a t i o n  c o n s t a n t .  The i n t e g r a t i o n  c o n s t a n t  

i s  determined from p rev ious  comparison of t h e  geodes i c  e q u a t i o n  

w i t h  Newton's Law of G r a v i t a t i o n .  
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Thus 

A s  rsoo t h i s  equat ion  

2 express ion  f o r  ds . 

r 1 e =  . 2m I - -  r 

2 2 2m 2 - r2 s i n  8de + (1 - --) d t  

approaches the n o n r e l a t i v i s t i c  

n L 
N o t e  t h a t  f o r  r > 2 m  the i n t e r v a l  ds is  t h e  normal 

t imel ike i n t e r v a l .  However for r <2m t h e  i n t e r v a l  becomes 

space l ike .  A t  r = 2m t h e r e  exis ts  a s i , :gu lar i ty  - t h e  

Schwartzchi ld  s i n g u l a r i t y .  

A t  the Schwarzschi ld  s i n g u l a r i t y  1 = - 2m i n  terms of r 

cgs  u n i t s  
2 

- -  2GM / Mc2 2GM - I = -  
r c  2 r 

Therefore ,  a t  t h e  "Schwarzschild r a d i u s "  the g r a v i t a t i o n a l  

self-energy of t h e  body i s  equa l  t o  the rest energy. A p a r t i c l e  

of mass m would need - 2GMm 
r energy t o  escape  so t h i s  body must 

conver t  i t s  se l f -energy  i n  order t o  escape. A body i n i t i a l l y  

wi th in  the Schwarzschi ld  r a d i u s  would never  be a b l e  t o  escape  

t o  the "ou t s ide"  world. 
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What is  t h e  "Schwarzschild r ad ius"  f o r  some f a m i l i a r  

bodies?  

pro tons :  

-24 
= 10-5~ c m  . 2 x 6 x x 1.7 x 10 

10 2 r =  
(3 x 10 ) 

S 

sun : - 

33 r = 1.3 x x 2 x 10 = 2.6 km. 
S 

I f  t h e  t o t a l  m a s s  of t h e  sun w e r e  contained w i t h i n  the 

"Schwartzschi ld  r ad ius"  t h e  d e n s i t y  would be - 

16 33 2 x 10 
4 x 2 7 ~ 1 0  15 
3 

= l o  g/cc 

This  g ives  the  o r d e r  of magnitude of d e n s i t y  f o r  which 

r e l a t i v i s t i c  effects  mus t  be considered.  

2 
A t  t h e  Schwarzschild r a d i u s  t h e  c o e f f i c i e n t  of d t  

vanishes .  T h i s  means t h a t  l i g h t  leav ing  t h e  body would be 

i n f i n i t e l y  red s h i f t e d .  An observer  o u t s i d e  r would say  

the l i g h t  t akes  a n  i n f i n i t e  t i m e  t o  reach him. A l l  m a t t e r  

wi th in  r i s  t h u s  i n v i s i b l e  t o  o u t s i d e  observers .  However, 

e lec t ros ta t ic  o r  g r a v i t a t i o n a l  f i e l d s  of a Schwartzschi ld  

S 

S 
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s i n g u l a r i t y  can be d e t e c t e d  so t h e  s i n g u l a r i t y  can be f e l t  b u t  

no t  seen. 

The Schwarzschild s i n g u l a r i t y  can be e l imina ted  by t h e  

appropr i a t e  coord ina te  t ransformation.  L e t  

rn 2 -  

2r 
r = ( l + - )  r 

The new metric becomes: 

2 m 4 2  - 2 2 -  2 2  2 
ds  = - (1 + -) ( d r  + r de + r s i n  8 d q  ) + 

2; 

This i s  c a l l e d  the i s o t r o p i c  p o l a r  coord ina te  system. It 

i s  the  coord ina te  system on a f a l l i n g  bod;. 

I n  i s o t r o p i c  r e c t a n g u l a r  coord ina te s  the metric i s  : 

ds  2 = - + $-(dx2 + dy2 + dz 2 ) + (1-m/2;) dt2 
2 r  (1+m/2'E) 

Aside from having no s i n g u l a r i t i e s  t h e s e  coord ina tes  have 

some i n t e r e s t i n g  advantages.  To o b t a i n  t h e  motion of a l i g h t  

pulse  d s  = 0 so 

A t  a d i s t a n c e  r from t h e  o r i g i n  t h e  ve loc  t y  of l i g h t  i s  

km/2E i n  a l l  d i r e c t i o n s .  - 3  (1+m/2 r) 
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Another consequence of t h e  i s o t r o p i c  coord ina tes  i s  t h a t  

+ dy2 + dz ) 
2 2 %  

the  coord ina te  l eng th  (dx 

does n o t  change when the  o r i e n t a t i o n  of the rod i s  a l t e r e d .  

of a smal l  r i g i d  rod 



S t a t i c  F i e l d  Equat ions f o r  a P e r f e c t  F lu id  

The non-vanishing components of con t r ac t ed  cu rva tu re  t e n s o r  

w e r e  found i n  the l a s t  s e c t i o n  t o  be 

x' - 
F 

& ( 3 ' -  1') 

t 3 - I  

3 We can e a s i l y  f i n d  the components of Rp from 

and us ing  t h e  va lues  of given i n  t h e  prev ious  s e c t i o n  

we f i n d  

Rll = 

- 2 
R2 - 
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From these r e s u l t s  we  can c a l c u l a t e  the scalar  cu rva tu re  R ,  and 

- c -  2 - d- x' ) L e  2 

W e  are now i n  a p o s i t i o n  t o  w r i t e  o u t  the f i e l d  equat ions  

f o r  a s t a t i c  p e r f e c t  f l u i d .  The f i e l d  equat ions  can  be w r i t t e n  

as 

and f o r  a perfect  f l u i d  

where P and f are the proper  p r e s s u r e  and d e n s i t y  of the 
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f l u i d .  S ince  we  are d e a l i n g  w i t h  the s t a t i c  c a s e ,  

and 

Using the f a c t  t ha t  

we o b t a i n  

-P 0 0 0 

0 -P 0 0 

0 0 -P 0 

0 0 0 - P  

Therefore  we  can  w r i t e  
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or  

Following t h e  same procedure w e  f i n d  t h a t  

4 4 I 
and 

Sub t rac t ing  t h e  second of t h e s e  equat ions  from t h e  f i r s t  

and mul t ip ly ing  by z//L we have 
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and s i n c e  we  can w r i t e  

and 

the above equa t ion  is equavalen t  t o  

dF z 

Thus fo r  a s t a t i c  and p e r f e c t  f l u i d  the f i e l d  equat ions  

reduce t o  

The f i e l d  equat ions  i n  t h i s  form w i l l  be p a r t i c u l a r l y  u s e f u l  

i n  our f u r t h e r  d i s c u s s i o n s .  



PLANETARY ORBITS 

The t r a c k  of a p a r t i c l e  moving f r e e l y  i n  space-time is  

determined by the equa t ions  of a geodesic  

= o .  r dxrdxv 2 r  
d x  

2 
ds 

+ ' r v  ds ds - 

Consider f i rs t  c =  2. 

From t h e  previous ly  def ined  T' terms one can s u b s t i t u t e  and g e t  

d L e +  - - - - -  dr de s i n  e - o s ~  
2 r ds ds  ds 

Choose coord ina te s  so t h e  p a r t i c l e  m o v e s i n i t i a l l y  i n  the 

plane 8 = v / 2 .  Then i n i t i a l l y  9 = 0 and cos 8 = 0 so 

d2Q 
2 ds 

so 0 = T / 2  can be s u b s t i t u t e d i n  t h e  remaining equat ions .  

ds 

- -  - 0 . Thus the p a r t i c l e  cont inues  t o  move i n  t h i s  p lane  

The equat ions  f o r  (r= 1,3,4 can be e a s i l y  found by a s i m i l a r  

method. 

6 + 2 %  d b =  0 
2 r ds ds 

ds  
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= o  I d r  d t  2 
d t  

ds 
- 

2 + V Z G  

From Eq. (2 )  w i t h  3 = OC. 

1 
rL ds 

o( = - h r2 * =  h where h i s  cons t an t .  

Th i s  i s  t h e  law of conse rva t ion  of angu la r  momentum for 

motion i n  a plane.  

Mul t ip ly  Eq. ( 3 )  by ev 

= o  Y d r  dt + e \ r - -  2 ds ds 
3 d 2 t  e -  

d s  

d 3 d t  - (e z) = 0 
ds 

-3 - = ‘ r ( e .  d t  = -  ‘ where is  a n o t h e r  c o n s t a n t  
ds y1 

of i n t e g r a t i o n .  
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d e  
ds Now u s e  the metric e q u a t i o n ,  r e c a l l i n g  t h a t  - = 0 

S u b s t i t u t i n g  t h e  t w o  i n t e g r a l s  of t he  motion o b t a i n e d  

above i n t o  t h e  metric equa t ion :  

-h v = -1 n o t e  # =  e = e e h (;z) d r  + r  2 h2 - -  ev k2 e-zv 
4 r 

But 

2 " -  - _  h/r 
ds 

so 

r 

2m y =  1 - - r M u l t i p l y  through by 

2 

r r 2  
2 2m 2m h 

r r 
= k - I + - + - -  

L e t  l / y  = u 

3 
2 2 k - 1  2m + u  = + - U + 2m U 
h2 h2 
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D i f f e r e n t i a t e  w i t h  r e s p e c t  t o  @ : 

m 2 2 
d U  

d CPa h2 
+ U = - + + m u  - 

Compare t h i s  w i t h  the equat ions  of a Newtonian orb i t  

2 2 2  
The r a t i o  of 3mU2 t o  m/h2 is  3h U o r  3 (r 2) . For  

o rd ina ry  speeds t h i s  is an  extremely sma l l  quan t i ty .  The 

effect of t h i s  c o r r e c t i o n  on the shape 02 the o r b i t  w i l l  be 

v i r t u a l l y  undetec tab le .  

ADVANCE OF PERIHELION 

Although the sma l l  pe r tu rba t ion  introduced i n t o  the 

o r b i t a l  equat ion  by r e l a t i v i t y  w i l l  n o t  a l t e r  t h e  shape of the 

o rb i t  s i g n i f i c a n t l y ,  it can  change the per iod  of r evo lu t ion .  

T h i s  change i n  the per iod  is  most e a s i l y  observed a s  an  

advance o f  pe r ihe l ion .  

Neglect ing t h e  sma l l  r e l a t i v i s t i c  pe r tu rba t ion  t h e  

s o l u t i o n  is  
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where e is  t h e  e c c e n t r i c i t y  and U, i s  the l o n g i t u d e  of 

pe r ihe 1 ion .  

2 
S u b s t i t u t e  t h i s  first U s o l u t i o n  i n t o  the s m a l l  term 3mU . 

The e q u a t i o n  becomes: 

3 3 
d 2 U  m m m e2 ‘ i j.+cos 2(+.  - + U = - + 3- + 6- e c o s ( d - W )  + - - 
d cb2 h2 h4 h4 h4 

3 

The o n l y  a d d i t i o n a l  term which can produce an  obse rvab le  

e f f e c t  i s  the term i n  c o s  ( @  - W )  : t h e  p e r i o d  i s  r i g h t  t o  produce 

a c o n t i n u a l l y  i n c r e a s i n g  effect  by  resonance.  

What t hen  is  a p a r t i c u l a r  s o l u t i o n  of 

I t  

U + U = A c o s e  

Assume U = a $  s i n  + b 9 cos (9 and s u b s t i t u t e .  

I 

u = a s i n e  + a + c o s  cb + b c o s 9  - b + s i n  4 
I 1  

U = a cos 4 + a cos 0 - a +  s i n  + - b s i n  4, - b s i n +  - b+cos Q 

1 1 .  

u + U = 2 a c o s +  - 2 b s i n  @ = A  cos <p 

Hence the p a r t i c u l a r  s o l u t i o n  of the r e l a t i v i s t i c  o r b i t a l  

e q u a t i o n  i s  

3 
e @ s i n ( +  - w )  - 3 m  

h4 
u1 - - 
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The complete  s o l u t i o n  is: 

Assume t h i s  can be w r i t t e n  

2 where 6W i s  v e r y  s m a l l  and te rms  of order (6w) can  be neg- 

l e c t e d  

C O S ( + - W - ~ W )  = c o s ( ~ - w )  cos 6 w  + s i n ( 9 - w )  s i n  6w 

 cos(+-^) + 6 w s i n ( + - w )  

Hence 

2 

h2 
dw = -  3m 4) 

While the p l a n e t  moves through 1 r e v o l u t i o n  the p e r i h e l i o n  

advances a f r a c t i o n  of a r e v o l u t i o n  e q u a l  t o  

3 m  2 3 m  - -  - - = -  6u 
2 h2 a (1-e ) 

2 from t h e  e q u a t i o n  of a r e a s  h2 = mQ = ma(1-e ) . 
Using K e p l e r ' s  t h i r d  law - 
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2 2  6W 12tr a - =  
cp c 2 T2(L-e 2 ) 

The advance of p e r i h e l i o n  of Mercury i s  s i g n i f i c a n t  and 

the p r e d i c t e d  va lue  has  been observed. However, one must be 

extremely c a r e f u l  i n  f i x i n g  t h e  p r e c i s e  cause of t h e  advance 

of pe r ihe l ion .  I f  t h e  sun i s  s u f f i c i e n t l y  o b l a t e  the gravi -  

t a t i o n a l  f i e l d  w i l l  have quadruple  terms which w i l l  cause 

advance of p e r i h e l i o n .  

EXERCISE: Complete t h e  advancement of pr ; r ihel ion of  Mercury 

due t o  the e f fec t  of J u p i t e r .  

-3  mass of J u p i t e r = l O  0 

d i s t .  of J u p i t e r = 4 . 5  A.U. 
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FURTHER CONSEQUENCES OF THE SCHWARZSCHILD SOLUTION 

Tra j ec to ry  of a l i q h t  r ay .  

Thus f a r  w e  have n o t  cons idered  t h e  ques t ion  of how 

e lec t romagnet ic  r a d i a t i o n  t r a v e l s  i n  t h e  Riemannian space.  

The n a t u r e  of t h e  t r a j e c t o r y  of a l i g h t  beam is  n o t  i n h e r e n t l y  

conta ined  i n  o u r  theory  a s  it is  p r e s e n t l y  cons t ruc ted .  

Addi t iona l  p o s t u l a t e s  m u s t  be in t roduced  analogously t o  t h e  

p o s t u l a t e  t h a t  non-zero mass p a r t i c l e s  t r a v e l  a long  geodes ics .  

It is  n a t u r a l  t o  make t h e  same assumption about  t h e  path.  

W e  p o s t u l a t e  t h a t  l i g h t  t r a v e l s  a long  geodes ics  i n  f o u r  

dimensional space t i m e .  That  is: 

2 
(dT) = 0 

It becomes immediately apparent  t h a t  o t h e r  assumptions 

must be inc luded  i f  t he  na tu re  of l i g h t  propagat ion i n  t h e  

genera l  r e l a t i v i s t i c  formalism should b e a r  any r e l a t i o n s h i p  

t o  i t s  na tu re  i n  s p e c i a l  r e l a t i v i t y .  I n  t h e  case  of t h e  

l a t t e r ,  w e  know t h a t  t he  constancy of t he  speed of  l i g h t  
\ 

r e s u l t s  i n  t h e  vanish ing  of t h e  proper  t i m e  i n t e r v a l  t r a v e r s e d  

by a l i g h t  beam. That  is  

2 2 2 2 2  df2 = - c2 d t  + dx = - c2 d t  + c d t  = 0 

i . e . ,  W e  a r e  on t h e  l i g h t  cone. 
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W e  thus  a r e  l e d  t o  a second p o s t u l a t e  about  t h e  pa th  

of a l i g h t  beam 

&F2 = 0 

(1) and (2) t h u s ,  con f ine  l i g h t  t r a j e c t o r i e s  t o  t h e  

so-ca l led  " n u l l  geodes ics" ,  t hose  pa ths  whose proper  t i m e  

dependence on t h e  f o u r  coord ina tes  i s  an extremum: and i n  

a d d i t i o n ,  have ze ro  l i n e  dement a long  t h e  path.  

Our method of procedure is  s i m i l a r  t o  t h a t  f o r  m a t e r i a l  

p a r t i c l e s .  That  i s  w e  seek pa ths  f o r  which 

Where A i s  some parameter  c h a r a c t e r i z i n g  t h e  pa th ,  i n  

t he  case  not t he  pa th  l eng th ,  s i n c e  t h a t  is  zero.  

W e  a r e  thus  l e d  t o  t h e  equat ions  of motion 

A l i q h t  ray  i n  t h e  Schwarzschild F ie ld .  

W e  w i l l  now cons ide r  t h e  pa th  of  a l i g h t  r ay  i n  t h e  

empty reg ion  of a space f o r  which t h e r e  is  a s p h e r i c a l l y  

symmetric mass d i s t r i b u t i o n  a t  t h e  o r i g i n .  Solu t ion  of t h e  

f i e l d  equat ions  then y i e l d s  t h e  Schwarzschild metric. 
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2 -1 2 m  2 2m w2 = - (1 - r )  c2 d t  + (1 - -) d r  r 
uhcrc + r 2 (d$2 + s i n  2 * d+2)> = 

2 

I f  w e  o r i e n t  ou r  axes so t h a t  t he  beam t r a v e l s  i n  t h e  

=% and t h e  c a l c u l a t i o n  of t h e  q; z = 0 p lane ,  then 

i s  i d e n t i c a l  t o  t h a t  demonstrated i n  t h e  previous s e c t i o n  

on t h e  t r a j e c t o r y  of Mercury around t h e  sun. The equat ions  

for  t h e  coord ina te s  (5> and t a r e  a l s o  formally i d e n t i c a l  t o  

those  of t h a t  s e c t i o n :  

r 2 i  = h = cons t .  

(1 - F) = R = cons t .  

H e r e ,  t h e  d o t s  denote  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  2 .  
Rather  than u s e  t h e  Euler-La Grange equat icn  fo r  I' , w e  

ob ta in  a t h i r d  independent equat ion by d i v i d i n g  t h e  metric 

(4) by dAs and s e t t i n g  dTLIa 

(4) 

(5) 

0 = - (1 - c2 i2 + (1 - $1 -1 r . 2  + ' 2 6  2 

8r (7 )  
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The s o l u t i o n  of t h i s  e q u a t i o n  c a n  be ach ieved  by making 

the  s u b s t i t u t i o n :  

where 
I du 

= @  

Then ( 7 )  becomes 

C 2R u t  2h2 2 2  
1-2mu 

o = - -  + - + h u 
1-2mu 

o r  2 2  2 2  
C 212 - h u '  - h u (1 - 2mu) = 0 

D i f f e r e n t i a t i o n  of (8) w i t h  r e s p e c t  t o  

e q u a t i o n  for the t r a j e c t o r y  

$ , g i v e s  the  

2 2 - 2h u'u'' - h 2uu1(l-2rnu) + h2 u2 2mu' = 0 

o r  

2 u ' ( u ' '  + u - 3mu ) = 0 

a p p a r e n t l y  does no t  
u '  = 0 

1 i r c o n s t .  u = - =  
The s o l u t i o n  

cor respond t o  a n y t h i n g  p h y s i c a l ,  and i s  d i s c a r d e d  i n  f a v o r  

of s o l u t i o n s  t o  the equa t ion :  
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2 u t '  + u -3mu = 0 

T h i s  equat ion  fo r  the t r a j e c t o r y  of a l i g h t  r ay  can  be 

so lved  by a p e r t u r b a t i o n  method when it is  r e a l i z e d  t h a t  the 

term i n  u is much s m a l l e r  than  the term i n  u f o r  t y p i c a l  2 

va lue  of the r a d i a l  c o o r d i n a t e .  That  i s ,  s a y  f o r  the sun ,  

5 a$ (3) ( 7 ~ 1 0 ~ ~ )  ( 2 ~ 1 0 ~ ~ )  5x10 c m  

2 Thus, o u t s i d e  t h e  s u r f a c e  of t h e  sum t h e  term 3mu 

can be t r e a t e d  a s  a p e r t u r b a t i o n .  Then, w r i t i n g  3m = f , 

w e  look for  a s o l u t i o n  of (10) good t o  first powers of the 

parameter  E , of the form 

T h i s  t r i a l  s o l u t i o n  i n  (10) g i v e s  

I1 

U 0 + € V  + u 0 +of= E. ( u  0 +a)* 
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Equat ing t h e  ze ro  order terns i n  € g ives  

u " + u  = o  
0 0 

or 

a 4'' , thus  
- 

o r  U = A cos 6 a f t e r  t h e  s u b s t i t u t i o n  

r o t a t i n g  our  axes  about  z . 
0 

This  s o l u t i o n ,  good t o  ze ro  o r d e r  i n  (E , corresponds 

to 

1 
A 

x = P c o s 6  = -  = cons t .  

That  is, i n  t h i s  approximation the r ay  t r a v e l s  a s t r a i g h t  

l i n e  p a r a l l e l  t o  t h e  y a x i s .  Thus t h e  e f f e c t s  of t h e  s u n ' s  

presence a r e  completely neglec ted .  

The e f f e c t  of t h e  s u n ' s  p e r t u r b a t i o n  i s  found by equat ing  

txerrns l i n e a r  i n  f , i n  (11) 

(13 )  
2 2 2- v"  + v = Uo = A cos 8 

where now t h e  d i f f e r e n t i a t i o n  r e f e r s  t o  t h e  v a r i a b l e  @ . 
The s o l u t i o n  of (13) i s  e a s i l y  found t o  be 

2 -  v = -  A 2  - A 2  cos 8 
3 3 
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Combining (12 )  and (14) w e  have t h e  t r a j e c t o r y ,  t o  

f i r s t  o r d e r  i n  f = 3 m  

- 2 2 '  2 U = A cos& mA cos  6 + 2mA 

This s o l u t i o n  corresponds t o  the l i g h t  beam approaching 

t h e  s u n  on a s t r a i g h t  l i n e ,  being d e f l e c t e d ,  and receding 

aga in  along a pa th  which a sympto t i ca l ly  approaches another  

s t r a  i g h t  1 i n e  . 
The d e f l e c t i o n  of t h e  ray  i s  then  measured by t h e  angle  

between these  asymptotes,  which can be obtained by s e t t i n g  

r = Sg i n  (15 ) .  

2 2 -  2 
A c o s 8  - mA cos  4 + 2mA = 0 

(16) has  t h e  s o l u t i o n  

The 

cos  

8m2A2 )+I- cos 8 = 6mA { l -  ( 1 +  

o t h e r  s o l u t i o n  t o  (16) i s  d iscarded  s i n c e  it y i e l d s  

B > r  . 
To f i r s t  o r d e r  i n  the parameter  3m = e , t h i s  becomes 

cos 5 = 2mA 
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- 
The s i g n i f i c a n c e  of  the parameter A i s  r e a l i z e d  i f  8 
is s e t  t o  ze ro  i n  (15) then 

This  i s  t h e  p o i n t  of c l o s e s t  approach of  t h e  l i g h t  r ay  

t o  the sun. That  is  

= A  
1 
R u(0) = - 

" 3% where R i s  t h e  d i s t a n c e  a t  c l o s e s t  approach. Hence C O S @  

corresponds t o  t h e  asymptotes of the  t r a j e c t o r y .  

By our  prev ious  e s t ima te  of m ,  it i s  r e a l i z e d  t h a t  €or  

t y p i c a l  va lues  of R, w e  have 

where is smal l .  P u t t i n g  t h i s  & s * E  * g  o r  a 

i n t o  (18) g ives  

f o r  e i ther  s i g n  combination. 

The o v e r a l l  d e f l e c t i o n  of a l i g h t  beam, due t o  t h e  

presence of a s p h e r i c a l l y  symmetric mass d i s t r i b u t i o n  a t  

t h e  o r i g i n  is then  
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As i s  w e l l  known, t h i s  r e s u l t  p rovides  t h e  b a s i s  f o r  

one of t h e  t h r e e  exper imenta l  checks o f  General R e l a t i v i t y .  

For  t h e  case  of a l i g h t  beam which j u s t  g razes  t h e  r i m  

o f  t h e  sun,  t h e  d e f l e c t i o n  is  

Measurements of t h i s  q u a n t i t y  f o r  s t a r l i g h t  j u s t  pass ing  

the r i m  o f  the sun dur ing  an  e c l i p s e  have y i e lded  r e s u l t s  

which s e e m  t o  confirm t h i s  p red ic t ion .  Measurements made 

between 1919 and 1954 have f l u c t u a t e d  between 1 .5"  and 3" 

w i t h  a median n e a r  the somewhat h igh  va lue  of 2.2". A 

p a r t i c u l a r l y  accu ra t e  measurement made by Van Biesbroeck i n  

1952 y ie lded  1 . 7 "  5 .l", i n  e x c e l l e n t  agreement wi th  theory .  

Newtonian theory  of  t h e  d e f l e c t i o n  of  a p a r t i c l e  by t h e  sun. 

I t  is i n t e r e s t i n g  t o  compare the above a n a l y s i s  t o  t h e  

Newtonian theory  f o r  t h e  d e f l e c t i o n  of a p a r t i c l e  by t h e  sun. 

The p a r t i c l e  mass does n o t  e n t e r  these equat ions .  

Suppose t h e  t r a j e c t o r y  i s  c l o s e  t o  a s t r a i g h t  l i n e  

p a r a l l e l  t o  t h e  ywaxis and t h e  p o i n t  of closest approach is R. 

Then the a c c e l e r a t i o n  i n  t h e  x -d i r ec t ion  is  
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o r  

I n  (20), x '  ' refers t o  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  

t o  y , and t h e  p a r t i c l e  is  assumed t o  be t r a v e l l i n g  a t  a 

v e l o c i t y  very  c l o s e  t o  c , i n  which case  

'e 2 x 25 c x" 

A f u r t h e r  approximation is made i n  which w e  assume x 

is  roughly equa l  t o  R f o r  all y . Then 

2 GMR 
2 3/2 (x '1' c = 

(Y2+ R 1 

Thus 
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I f  t h e r e  i s  a t r u e  minimum of t h e  r a d i a l  coord ina te  a t  

y = 0 , then xo i s  zero  a t  t h a t  po in t .  An i n t e g r a t i o n  g ives  

GM Y GM 

c 2 R  b2+ y2) c R 
kX 2 x '  = - 

where the  l a s t  s t e p  assumes w e  w i l l  on ly  d i s c u s s  t h e  teg ion  

y >? R I o r  1 ~ 1 % )  R - 2 2 

Another i n t e g r a t i o n  y i e l d s :  

GM 
x ( y )  = -y + R 7 

where w e  have used the f a c t  t h a t  x ( 0 )  = R . Equation (21 )  

is  t h e  equat ion  f o r  t h e  asymptotes t o  the  t r a j e c t o r y  a t  

l a r g e  va lues  of y . 
. Thus t h e  t o t a l  These asymptotes have a s lope  - GM 

2 
c R  

d e f l e c t i o n  is  

z GN A = -  
c= 8 

o r  e x a c t l y  one-half t h a t  p red ic t ed  by t h e  General R e l a t i v i t y  

theory  f o r  t he  t r a j e c t o r y  of a l i g h t  ray.  
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A f o u r t h  t e s t  of General R e l a t i v i t y  

1 
Recent ly ,  Shapi ro  has  determined, u s ing  t h e  Schwarzs- 

c h i l d  m e t r i c ,  the  t r a n s i t  t i m e  f o r  a r a d a r  beam t o  t r a v e r s e  

the d i s t a n c e  f r o m  t h e  e a r t h  t o  one of t h e  i n n e r  p l a n e t s  and 

r e t u r n .  He concludes t h a t  t h e  d i f f e r e n c e  i n  e l apsed  t i m e  

between t h e  c a s e s  when, f i rs t ,  t h e  experiment i s  done when 

the e a r t h  and t a s g e t  p l a n e t  a r e  s i t u a t e d  so t h a t  the beam 

passes  close to’he sun,  and esecond when t h e  beam does n o t  

pass  close t o  t h e  sun: is l a r g e  enough t o  be measured. 

Performing t h e  experiment could  provide a t es t  of g e n e r a l  

r e l a t i v i t y .  To i l l u s t r a t e  t h i s ,  w e  c a l c u l a t e  the t r a n s i t  

t i m e  below. 

It will be convenient  t o  o r i e n t  ou r  a x i s  a s  shown i n  

F igu re  2.  Y 

I. I. Shapi ro ,  Phys. Rev. L t r .  l.3, 26, 789-91, D e c .  1964. 1 
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H e r e  w e  have cons idered  t h e  sun a t  t h e  o r i g i n  of 

coord ina te s  and the e a r t h  and t h e  i n n e r  p l a n e t  t o  be sepa- 

r a t e d  by a d i s t a n c e  x + x . I n  what follows, t h e  space  - 
t i m e  cu rva tu re  due t o  the e a r t h  and p l a n e t  w i l l  be neglec ted  

compared t o  t h e  much l a r g e r  i n f luence  ot the sun. T h i s  a l lows  

u s  t o  use  the Schwarzschi ld  l i n e  element.  W e  f u r t h e r  n e g l e c t  

the sma l l  motions of  t h e  e a r t h  and p l ane t .  

e P 

A proper  c a l c u l a t i o n  a t  t h i s  p o i n t  would involve  f irst  

c a l c u l a t i n g  t h e  n u l l  geodesic  t r a j e c t o r y  between the t r ans -  

m i t t e r  and t a r g e t ,  and then  determining t h e  t r a n s i t  t i m e  f o r  

a r a d a r  beam t o  t r a v e l  t h i s  pa th  and r e t u r n .  Such a ca lcu-  

l a t i o n ,  however, which i s  q u i t e  t e d i o u s ,  is  found t o  d i f f e r  

from t h e  much s imple r  c a l c u l a t i o n  f o r  a r a d a r  beam which 

t r a v e r s e s  a d i r ec t  pa th  t o  t h e  p l a n e t ,  on ly  by a term of  the 

o r d e r  of m =(?IN(, km) . The l eng th  m i s  a sma l l  

q u a n t i t y  compared t o  t h e  d i s t a n c e s  i n  t h i s  problem. 

2 2 

W e  w i l l  perform the  s imple r  c a l c u l a t i o n  here, which 

w i l l  be a c c u r a t e  t o  t e r m s  of the order of m and inc ludes  

effects  due t o  the warping of space  t i m e  by the sun ,  b u t  

n o t  of the pa th  d e f l e c t i o n  of the l i g h t  beam. 

The Schwarzschild metric, i n  s p h e r i c a l  p o l a r  coord ina te s  

i s  w r i t t e n  a s  

2 2m 2 2 2m 2 2  2 2 
- 1  

dT = -(1 - -) c d t  + (1 - -) dr2 + r (de + s i n  8 dg ) ( 2 :  r r 
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I n  terms of t h e  Car tes ian  coord ina te s :  

x = r s i n  ecOs9 

y = r s i n e s i n +  

z = r cos$ 

The Schwarzschild metric assumes t h e  form 

(24) 
2mx .x  2 

dT = -(1 - 2) r c2d t2  + (&j + r 3 r 

Now, i n  t h e  ( x , y )  p lane ,  w i th  y = d = cons t .  a s  i n  

Figure ( 2 )  w e  have dz = dy = 0 and (24) cons iderably  

s i m p l i f i e s  t o  

r 3 r r 

2 
dT = -(1 - 

Furthermore,  t h e  r a d a r  beam t r a v e l s  t h e  n u l l  geodesic ,  

2 
dT = 0. Hence w e  ob ta in  

- I  2 2 
d t  = {(l - F) + - 

2 
C 

3 r 

2 2 
2m 2mx 4x 

3 r 
+ - + -  

r C 

f o r  m<< r 
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Thus, w e  o b t a i n  

d t =  (1+;-+-- 2m 2 m x 2 ) l i  dx - 
3 C r 

or 

d t c  ( l + - + -  r - 
r 

2 2 
= x2 + d where r 

where, i n  t ak ing  the l a s t  s t e p  w e  have aga in  employed the 

f a c t  t h a t  m(< r. 

Equat ion (25)  can now be used t o  c a l c u l a t e  the round 

' X C  

I 
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Thus, the round t r i p  t r a n s i t  t i m e  is  g iven  by 

The  s i g n i f i c a n t  measureable  q u a n t i t y ,  which would 

provide  a t e s t  o f  Genera l  R e l a t i v i t y  would be t h e  d i f f e r e n c e ,  

i f  any, between round t r i p  t r a n s i t  t i m e s  measured when t h e  

e a r t h  and an  i n n e r  p l a n e t  a r e  a t  o r i e n t a t i o n  f o r  which 

c a l c u l a t e d  from (26)  i s  a t  a maximum and minimum. 

The t h r e e  extreme r e l a t i v e  p o s i t i o n s  a r e  i l l u s t r a t e d  

i n  F i g u r e s  ( 3  a , b , c )  

Y Y 
i 
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Figure  (3a)  is  meant t o  r e p r e s e n t  t h e  cond i t ion  t h a t  

the e a r t h  and p l a n e t  a r e  a lmost  a t  s u p e r i o r  con junc t ion ,  

w i t h  the p l a n e t  a lmost  e x a c t l y  on t h e  oppos i t e  side of the  

sun a s  t h e  e a r t h .  I n  which case :  

and (26) s i m p l i f i e s  t o  

A f  

which gives 

2 - 
C 

+ xe + 
d' - +  

I n f e r i o r  conjunct ion ,  when t h e  p l a n e t  is almost  e x a c t l y  

on a l i n e  between the sun and e a r t h  is  p i c t u r e d  i n  F igu re  (3b ) .  

H e r e  a g a i n  

However, the s i g n  of x i s  now reve r sed  and w e  o b t a i n  
I? 

f o r  the t r a n s i t  t i m e ,  from (27) 
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X 
- 2  A t b w  ( X - x  ) + %,$_e C X 

P e P  

F ina l ly ,  i n  F igure  (3c) the p l a n e t  a s  viewed from t h e  

e a r t h  is f u r t h e s t  t o  the e a s t  (o r  w e s t )  of t h e  sun,  i n  t h i s  

ca se :  

x s o  
P 

e d < <  x 

These cond i t ions  can only  be r e a l i z e d  f o r  Mercury s i n c e  

d B x e  f o r  Venus a t  e longat ion .  

For Mercury, w e  g e t  

h2xe 2m - + -  2 - 
d C 

A tc - - (xe) + 
C 

The f i r s t  terms i n  each of 28a, 28b, and 28c a r e  recognized 

a s  t h e  f l a t  space t r a n s i t  t i m e s .  When these a r e  s u b t r a c t e d  

w e  o b t a i n  t h e  v a r i a t i o n s  f r o m  f l a t  space va lues  g iven  by 

General R e l a t i v i t y .  These a r e :  
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T h e o r e t i c a l  c a l c u l a t i o n s  of ft,, $lj, and ttc f o r  

Mercury y i e l d  the r e s u l t  t h a t  

Thus the  close approach of the beam t o  t h e  sun,  i n  a ,  

cons ide rab ly  s l o w s  down t h e  t r a n s i t  t i m e ,  This  d e p a r t u r e  

from f l a t  space is  o u t s i d e  exper imenta l  error of p r e s e n t  

equipment. 

would provide a t es t  of g e n e r a l  r e l a t i v i k y .  

Thus Shapi ro  s u g g e s t s  t h a t  a measurement of gt a 



STATIC INTERIOR SOLUTION 

I f  the  m a t t e r  suppor ts  no t r a n s v e r s e  stresses and has  no 

mass motion, then  i t s  energy momentum t e n s o r  is  g iven  by 

where P and a r e  r e s p e c t i v e l y  the p res su re  and energy 

d e n s i t y  measured i n  proper  coord ina tes .  I f  w e  w r i t e  t he  m o s t  

gene ra l  s p h e r i c a l l y  symmetric s t a t i c  l i n e  element a s  

E i n s t e i n ' s  f i e l d  equat ions  reduce t o  

8 V P =  e ( r  3' + $ )  - 2  1 

r 

1 

(pr imes denote  d i f f e r e n t i a t i o n  

w i t h  r e s p e c t  t o  r) 

These three equa t ions  t o g e t h e r  w i t h  the  equat ion  of  s t a t e  of 

t h e  m a t e r i a l  -- ( P )  determine the mechanical equ i l ib r ium 

of t h e  mass d i s t r i b u t i o n  a s  w e l l  a s  the dependence of t h e  

' A on r. g P u  
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The boundary of t h e  mass d i s t r i b u t i o n  i s  determined by  

the cond i t ions  r = rb f o r  ? = 0 and Q > O  f o r  r < r b . 
For  r s rb w e  have t h a t  P = = 0 and Schwarzschi ld ' s  exter ior  

s o l u t i o n  g i v e s  

where m i s  t h e  total Newtonian mass of t h e  m a t t e r  a s  ca lcu-  

l a t e d  by  a d i s t a n t  observer .  

I n t e g r a t i n g  equat ion  ( 3 )  w e  o b t a i n  

o r  

d 
i s  determined by  making e cont inuous 

3(gbJ 
The c o n s t a n t  e 

a c r o s s  the boundary. Then 

h b \ j  
Thus e is  known a s  a func t ion  of r i f  P i s  known a s  a 

func t ion  of  r. I n  equat ion  ( 2 )  in t roduce  t h e  new v a r i a b l e  
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- x  u ( r )  = 1/2 r ( l  - e ) . 

Then equat ion  ( 2 )  becomes 

Using t h i s  new v a r i a b l e  and equat ion  ( 3 ) ,  equat ion  (1) may 

be w r i t t e n  a s  

These two equat ions  form a system of t w o  f i r s t - o r d e r  

equat ions  i n  U and P . S t a r t i n g  w i t h  some i n i t i a l  va lues  

U = Uo and P = P 

g r a t e d  s imultaneously t o  the va lue  r = rb where P = 0 . 
The va lue  of U ( r )  a t  r = rb is  determined by j o i n i n g  e 

cont inuous ly  a c r o s s  t h e  boundary. W e  f i n d  t h a t  

a t  r = 0 ,  t h e  t w o  equat ions  a r e  i n t e -  
0 

xc h) 

Now cons ide r  the s p e c i a l  ca se  t h a t  f" = cons tan t .  

Then the equat ion  



- 4 -  

i s  e a s i l y  i n t e g r a t e d  and w e  have 

-1 
= 1/2 r (1 - e ) 

o r  

I n  order t h a t  t h i s  s o l u t i o n  be con t inuous  a c r o s s  t h e  boundary 

w e  require t h a t  

Uh€ RE 

c = 0. Then 

Equat ion ( 3 )  can  be w r i t t e n  a s  

and i t s  s o l u t i o n  i s  

-y-L 91Pj 
P + p = c o n s t a n t  x e 

S u b s t i t u t i n g  e q u a t i o n s  (1) and ( 2 )  i n t o  t h i s  e x p r e s s i o n  w e  have 

The s o l u t i o n  of t h i s  e q u a t i o n  c a n  be w r i t t e n  a s  

2 2 %  = A - B ( l - r / R )  
+ 4th) e 
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where A and B a r e  cons t an t s .  

Now w e  have t h a t  

2 d r  2 2 2 

2 2  - r2 de2  - r2 s i n  0 d $  ds = - 
1-r /R 

2 
+ - B (1 - r2 /R2) ' ]  d t 2  

and + 2 2  38(1-r /R ) - A 
\ 

2 2 %  8 q Q  = 2 
R A - B (1-r /R ) 

The c o n s t a n t s  A and B may be determined b y j o i n i n g  t h e s e  

b '  equat ions  t o  the ex te r io r  s o l u t i o n s  a t  r = r 

2 - d r  2 2 2 2m 2 2 

2m 1- - r b 

ds = - - r ( d e 2  + s i n  0 d 6  ) + (1 - F )  d t  
b 

and 

P = O .  

W e  f i n d  t h a t  

and m =  3 p r b  3 
3 

B = 1/2 I 

and f o r  t h e  i n t e r i o r  
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2 2 2 - d r  2 - r ( d e 2  + s i n  e d f i  
2 ds = 2 2  

1-r /R 

* 2))1]2 d t 2  + [ 3/2 (l-rb /R ) - 1/2 ( l - r / R  
%i 2 2  

I n  order t h a t  t h e  p re s su re  remains f i n i t e  and p o s i t i v e  

w e  r equ i r e ,  t h a t  

S ince  r 2 0 t h i s  reduces t o  

A - B * O  

3 2 231 - (l-rb /R ) - 1/2 0 2 

or 

2 
8 

2 9 

r 

R 
2 L , .  

The dependence of g,,, on r is i l l u s t r a t e d  i n  t h e  

fo l lowing  graph. 

I I 

PUAQ 

f i b  
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Neutron S t a r s  

S ince  the m a t t e r  d e n s i t y  of a neut ron  s t a r  i s  ve ry  h igh  

16 3 
( rcI 10 gm/cm ) , Oppenheimer and Volkoff (Phys. Rev. 55, 374 

(1939)) have considered a model i n  which t h e  equat ion  of s t a t e  

i s  t h a t  of an  i d e a l  o r  degenerate  Fermi gas  a t  zero temperature .  

I n  order t o  d i s c u s s  t h i s  model w e  cons ide r  t h e  equat ions  

d iscussed  above fo r  the c a s e  of an  i d e a l  Fermi gas  a t  z e r o  

temperature .  The r e l e v a n t  equat ions  a r e  

For  an  i d e a l  Fermi g a s  w e  have 

a '4 
2 1 + 1  

h3 0 
$ =  

2 1 + 1  - J  1 
p -  d3p , 

3 dP 
P =  

h3 8 

3i 2 2  2 4  E = ( p  c + m  c )  . 

If w e  in t roduce  the  v a r i a b l e  
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t h e s e  e q u a t i o n s  can  be w r i t t e n  as  

+i 
4 5  m c  

24fT h 
{ 8 x3 (x2 + 1) I " =  

2 -3) (x 2 + 1) s + 3 s i n  h - l  x } - x ( 2  x 

P =  m c  [x(2x 2 -3) (x 2 + 1) s + 3 s i n  h- l  x) 
4 5  

24 h3 

If w e  now i n t r o d u c e  a n o t h e r  v a r i a b l e , t ,  such t h a t  

x = s i n  h ( t / 2 )  

w e  have 

y = k ( s i n  h t - t) , 

1 
3 P = - K ( s i n  h t - 8 s i n  h t / 2  + 3 t ) ,  

where 

4 5  d m  c 

4 h3 
K =  c 

Thus w e  have 

P 4 s" , t - 0  
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I f  w e  s u b s t i t u t e  t h i s  equat ion  of s t a t e  i n t o  the express ions  

obta ined  from the  f i e l d  equat ions  ( E q s .  4 and 5) w e  f i n d  t h a t  

2 dU - = 4lT r K ( s i n  h t - t) 
d r  

d t  - 4 s i n  h t - 2 s i n  h t /2  
d r  r ( r - 2 U )  cos h t - 4 cos h t /2  + 3 
- _ -  

lT' K r3 ( s i n  h t -'8 s i n  h t /2  + 3 t )  + U 1 
These equa t ions  a r e  t o  he i n t e g r a t e d  f r o m  t h e  va lues  U = 0 ,  

t = t a t  r = 0 t o  r = r where 

and U = Ub. 

= 0 (which makes P = 0)  
tb 0 b 

The u n i t s  which w e  have been us ing  a r e  such t h a t  c = 1 

and G = 1 . T h i s  determines the u n i t  of t i m e  and the u n i t  of 

l eng th .  T h i s  u n i t  o f  l eng th  may now be f ixed by  r e q u i r i n g  t h a t  

K = 1/4Tf. 

The new u n i t  of l eng th  i s  

w h i l e  the u n i t  of mass i s  

2 
C b = -  0, 
G 

For a neutron g a s  
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6 a = 1.36 x 10 c m  

34 b = 1.83 x 10 gin . 

It i s  on ly  poss ib l e  t o  f i n d  a n a l y t i c a l  s o l u t i o n s  t o  t h e s e  

equat ions  f o r  to - 0 . Then t h e  equat ions  reduce t o  

and 

4 - - -- d t  
dr r ( r- 2U) 

'.? 
;i' ' .. . . . .. 

which have s o l u t i o n s  of t h e  form 

2 et = 3/7 r and U = 3 r/14 

corresponding t o  t h e  boundary cond i t ions  = do and Uo = 0. 

Oppenheimer and Volkoff (Phys. Rev. 55, 374 (1939)) have 

i n t e g r a t e d  t h e s e  equat ions  numerical ly .  The i r  r e s u l t s  a r e  

summarized i n  t h e  p l o t  of on @A ta/vL-' t o which fo l lows .  

45 90 
k - I  t ,  
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This  shows t h a t  f o r  t h i s  model no s t a t i c  s o l u t i o n s  ex i s t  

for  m > 3/4 0 .  

C a l c u l a t i o n s  us ing  a more r e a l i s t i c  equat ion  of s t a t e  

have been performed by B. K. Harr i son  (Phys. Rev. 137, €31644 

(1965)) .  The r e s u l t s  he ob ta ined  a r e  given i n  t h e  fo l lowing  

f i g u r e s .  (The r e s u l t s  of some other  c a l c u l a t i o n s  a r e  a l s o  given  

f o r  comparison. ) 

'Or  

b W A R f  

C F  

S T A R )  
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Supernova and Neutron, S t a r s  

9 For a s t a r  of  c e n t r a l  temperature  about  10 OK, the  ’ 
28 core  i s  composed almost  e n t i r e l y  of S i  . A t  t h i s  temperature  

the n e u t r i n o  processes  become impor tan t  and it i s  p o s s i b l e  

f o r  t h e  s t a r  t o  d i s s i p a t e  energy a t  t h e  r a t e  of 10 

c m  -sec . Since  very  l i t t l e  energy is  genera ted  i n  the 

56 a t  about  1-3 x LO9 OK , energy t ransformat ion  S i  -P Fe 

can be suppl ied  on ly  by t h e  g r a v i t a t i o n a l  c o n t r a c t i o n  of 

the core. The s t a r  can now ei ther  cool down t o  form a w h i t e  

dwarf o r  undergo g r a v i t a t i o n a l  con t r ac t ion .  

the co re  w i l l  i nc rease  the c e n t r a l  d e n s i t y  and temperature  

and a t  about  T = 6 x 10 % e i ther  t h e  neu t r ino  processes  

t o  He w i l l  c a u s e  i n s t a -  o r  t h i s  t ransformat ion  of  Fe 

b i l i t i e s  and co l l apse .  

15  
e rg /  

3 

28 

, 

Contrac t ion  of 

9 

4 56 

For a massive s t a r  ( say  M = 20 M, ) t o  form a c o l d  s t a r  

it i s  necessary  t h a t  most of i t s  ma t t e r  i s  e j e c t e d  dur ing  

t h e  c o l l a p s e  of the core. T h i s  must occur  because no co ld  

s t a r  can e x i s t  w i t h  a mass g r e a t e r  than  about  1 .4  Me 

(Chandrasekhar m a s s  l i m i t ) .  For  a s t a r  of m a s s  M and 

r ad ius  R c o n t r a c t i n g  t o  a mass  M, and r a d i u s  r , and 

e j e c t i n g  a mass 

must be about  

of  M - Me , t h e  g r a v i t a t i o n a l  energy r e l e a s e  
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This  energy must be suppl ied  by t h e  c o n t r a c t i n g  co re ,  there-  

f o r e  

G (M2 - $1 
t 

GMQ 
2 

R r 

9 R I f  M = 20 M, and R = 10 c m  w e  f i n d  t h a t  r ~ r ,  - 
t hus  t h e  d e n s i t y  of t h e  co re  w i l l  be 

400 ' 
lo6 higher  than  t h a t  

13  of t h e  s t a r  be fo re  c o l l a p s e  o r  about  10 gm/cm3 which is  

t h e  d e n s i t y  of a neut ron  s t a r .  

W e  can now apply  t h e  theory  of an  i d e a l  Fermi gas  t o  

t h i s  neut ron  s t a r  t o  f i n d  i t s  thermal  energy. The* .spec i f ic  

h e a t  p e r  u n i t  mass is 
+'"l 

x(x2 + 11% 
m 3 n X n 

2 42 -4 x(x + 1) 
3 

= .75 x 10 T 
X 

gas.  The thermal  energy p e r  u n i t  m a s s  is  

-4 2 x(x 2 + I) 4 
3 = .38 x 10 T 

X 

For T = lo9 O3( and x - 1 w e  have 
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E r’ 4 x ergs/gm 

Therefore  the  t o t a l  t h e r m a l  energy of a neutron s t a r  w i l l  

be a b o u t  M x lo1* 10 e rgs .  47 

Neutron s t a r s  could be formed f r o m  t h e  c o l l a p s e  of 

massive s t a r s  w i t h  the r e l e a s e  of a l a r g e  ahount of energy. 

The on ly  observed o b j e c t s  which e m i t  t h i s  kind of energy a r e  

supernova, and t h e r e f o r e ,  it is thought t h a t  neutron s t a r s  

a r e  t h e  r e s u l t s  of supernova explosions.  The temperature  of 

a neutron s t a r  a s  a func t ion  of t he  t i m e  a f t e r  t h e  supernova 

is  : 
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Within a short t i m e  a f t e r  t h e  supernova t h e  main source  

of energy r e l e a s e  f o r  t h e  neut ron  s t a r  w i l l  be y 

The t o t a l  energy r a d i a t e d  p e r  second w i l l  be 

emission.  

a c  4 
L c 4 7 1 ' R ~  TS 

where T is  t h e  s u r f a c e  tempera ture ,  R is the r a d i u s  of 
S 

a c  
4 t h e  s t a r ,  and - is  t h e  Stefan-Boltzmann cons tan t .  For  

R 
38 

10 lcm and Ts * l o 7  % w e  f i n d  t h a t  L v10 erg /sec  . 
The l i f e t i m e  w i l l  approximately be given by 

47 

38 
Tota l  energy - 10 e r g s  - 

10 erys /sec  L 

9 
= 10 sec 

o r  about  100 years .  But a s  T dec reases ,  L a l s o  decreases ,  

so the l i f e t i m e  can be expected t o  be much g r e a t e r  than 100 

years .  

3 8  Although the luminos i ty  of neut ron  s t a r s  may be 10 

erg /sec ,  they  would n o t  be d e t e c t a b l e  from the e a r t h  due t o  

absorp t ion  i n  t h e  atmosphere. Chiu (Annals of  Phys ics ,  26, 

364 (1964))  es t ima tes  t h a t  t h e  luminos i ty  of an  average 

neut ron  s t a r  observed on e a r t h  would be about  10 

(Lo 10 e rg / sec ) .  To be d e t e c t a b l e ,  such an object 

-6 
L e  

33 



13 I 
- 5 -  

would have t o  be almost i n s i d e  t h e  s o l a r  system. It  should  

be p o s s i b l e ,  however, t o  detect  neu t ron  s t a r s  from e a r t h  

s a t e l l i t e s .  



NON-STATIC SOLUTION OF THE FIELD EQUATIONS 

W e  now cons ide r  t h e  f i e l d  equat ions  f o r  a d i s t r i b u t i o n  of 

m a t t e r  which is  i n  motion. For  t h e  case  of a p e r f e c t  f l u i d  

wi th  no r a d i a t i o n  p resen t  t h e  energy-momentum t e n s o r  i s  

(See t h e  s e c t i o n  e n t i t l e d  C l a s s i c a l  F i e l d  Theory, page 13.) 

I f  w e  r e s t r i c t  ou r se lves  t o  s p h e r i c a l  symmetry, i . e . ,  the  

v e l o c i t y  a t  each po in t  m u s t  be d i r e c t e d  along the  r a d i u s ,  

w e  have t h a t  

dx"' 

d s  - d s  = o  f o r  O( = 2,  3 '  dx* - 

1 2 3 4 where x = r ,  x = 8 , x = fd , and x = t. 

Using the s p h e r i c a l l y  symmetric l i n e  element w e  had above, 

+ A  2 2 2 2 2 3 
-e d r  - r2 d e  - r s i n  e d $  + e d t 2  2 ds = 

wi th  

and 
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w e  have 

0 0 0 
x -e 

0 -r 2 o  0 

3 
0 0 0 e 

and 

Then t h e  f i e l d  e q u a t i o n s  can be w r i t t e n  a s  fo l lows :  

- A  3 '  1 -e + - - 8 V G  1 
4 1  
- 

r C 

1 

r 
- - 8TG 4 - T  4 4  C 
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- x  i, = - e  - 8TG 1 - 
4 T4 r I 

C 

where t h e  primes r e p r e s e n t  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  r 

and t h e  d o t s  d i f f e r e n t i a t e  w i t h  r e s p e c t  t o  t . W e  a l s o  have 

4 
dx4 dx 

ds d s  - P  I 
- 4 

T4 = ( P + P )  

dx 1 dx4 
= ( P + P )  - - 4 

T1 d s  ds 

1 dx dx - 4 - ( P + P )  - - T4 d s  d s  
1 

With P = 0 w e  have t h e  free g r a v i t a t i o n a l  c o l l a p s e  

of m a t t e r .  The g e n e r a l  f e a t u r e s  of t h e  s o l u t i o n  o b t a i n e d  wi th  

P = 0 w i l l  app ly  even t o  t h e  c a s e  t h a t  P # 0 ,  provided t h e  



mass  i s  g r e a t  enough t o  cause co l l apse .  I n  o r d e r  t o  so lve  t h e  

problems w e  adopt  a coord ina te  system which i s  comoving wi th  

the m a t t e r  and t a k e  a l i n e  e l emen t  of t h e  form, 

2 
( d e  + s i n 2 e  d & )  . 2 2 & a m  2 wt%* \ 

dR - e d s  = d Z  - e 

Because  t h e  coord ina te s  a r e  comoving wi th  the m a t t e r  and the 

pressure  i s  ze ro ,  

4 
T4 = P  

and a l l  o t h e r  components of the energy momentum t e n s o r  vanish.  

I n  t h e  comoving coord ina tes  the f i e l d  equat ions  a r e :  

- 
-r3 -w & " + &  + , w  3' - 2 - 

4 4 
8lT T1 = 0 = e - e  I 

1 

. I  .* b Y  
. 

+ -  + -  L3 
2 4 4 
u) 

- .. - 
* + -  

4 
+ -  2 I 
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w i t h  the primes and dots here r e p r e s e n t i n g  d i f f e r e n t i a t i o n  w i t h  

r e s p e c t  t o  R and T r e s p e c t i v e l y .  Equat ion  (4) h a s  been 

i n t e g r a t e d  by Tolman and he f i n d s  t h a t  the s o l u t i o n  is 

&I 
e - I e uJ’’/4 f 2 ( R )  

I 3  

2 
where f (R) i s  a p o s i t i v e  b u t  otherwise a r b i t r a r y  f u n c t i o n  

of R . W e  can  f i n d  a s u f f i c i e n t l y  w i d e  c l a s s  of s o l u t i o n s  

i f  w e  p u t  f (R) = 1 . 2 

S u b s t i t u t i n g  e q u a t i o n  (5) i n t o  e q u a t i o n  (1) w e  have 

= 0 .  a ‘ +  - w  3 . 2  
4 

The s o l u t i o n  of t h i s  e q u a t i o n  i s  

where F and G a r e  a r b i t r a r y  f u n c t i o n s  of R. From 

e q u a t i o n s  ( 3 ) ,  (5) and (7 )  w e  f i n d  t h a t  

4 -1 
3 

8nf = - (Z + G/F ) ( %  + GI/,’ )-l 

(5) 

S u b s t i t u t i n g  e q u a t i o n  (5) i n t o  (2) a l s o  l e a d s  t o  e q u a t i o n  ( 6 ) ,  
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therefore equat ions  ( 5 ) ,  (7)  and (8) a r e  the s o l u t i o n s  of t h e  

f i e l d  equat ions .  

, then  a t  'I: = 0 w e  have 3/2 If w e  now choose G = R 

2 F F '  = 9T R f ' ( R ,  Z 1 . 0 )  

W e  now cons ide r  t h e  p a r t i c u l a r  ca se  t h a t  

c o n s t a n t  and w e  have 

p ( R ,  2 = 0)  i s  

where 

A p a r t i c u l a r  s o l u t i o n  of t h i s  equat ion  is: 

% is the r a d i u s  of the boundary of t h e  m a s s  d i s t r i b u t i o n .  

where 

- 3 %  - -po I 

W e  now transform t h i s  s o l u t i o n  i n t o  the  s t a t i o n a r y  
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coord ina te s  which have a l i n e  element of  t h e  form 

x 2 2 2 2 3 2  
e d r - r (de  + s i n  0 df52) + e d t  . 2 d s  = - 

Therefore  

and 

where f‘ --9( r ,  Q , 9 , t ) and x - t ( R ,  8 ,  1 5 ,  2). W e  f i n d  

t h a t  

-? .Y  / *  - 4 +  - - e = t - t / r ’ v  g 

b ‘ L  02 
= t ( 1 - r ) ,  

2 
rl I I  - - e  - A  - -  - ( 1 - i i )  , - g 

where t h e  primes and d o t s  s t i l l  refer  t o  d i f f e r e n t i a t i o n  w i t h  

r e s p e c t  t o  R and r e s p e c t i v e l y .  Using t h e  va lues  of r ,  F, 

and G given above w e  f i nd :  
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-2/3 
I R)’ [ R 3 / 2  - 2 r ’ T J  - (ro , R 7 % 2 0  t/t = ir r ’  = 

The g e n e r a l  s o l u t i o n  of t h i s  equat ion  i s  

R > %  t = L (x) fo r  

2 3/2 3/2) - 2 ( r  ro) ’ - r  w i t h  x = -+ (R 
3 r- 

U si + r + r  
0 

t = M ( Y )  f o r  R < %  

2 1 w i t h  y = 2 [ R/% 
0 

where L and M a r e  a r b i t r a r y  func t ions  of x and y 

r e s p e c t i v e l y  . 

For R > .% w e  have t h a t  

x -1 
= (1 - ro/r ) e 

e 3 = (1 - ro/r . 

(These equat ions  w e r e  der ived  above for  the  c a s e  of a s t a t i c  

mass  d i s t r i b u t i o n ,  b u t  t hey  a l s o  hold  o u t s i d e  a non- s t a t i c  mass. 
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See Landau and L i f s h i t z ,  "The C l a s s i c a l  Theory of Fields" ,  p. 3 2 6 . )  

W i t h  t h e s e  equa t ions  and the equa t ion  f o r  g4' given  above 

it can be shown t h a t  

L (XI = t = x .  

The requirement t h a t  L = M fo r  a l l  , when R = %, g i v e s  

3/2 y3/2) - - - r  2 -% ( %3/2 - r 
0 3 0  t = M (Y) 

W e  now c o n s i d e r  the asymptot ic  behavior  of t. As y +  1 , 

t *ad and w e  can w r i t e  f o r  R < % , 

t w  - r  P n ( y - J . ) ,  
0 

(. 
3 .. i 'i - lU 

Thus t w i l l  be i n f i n i t e  f o r  ' a -  f f n i t e j v a l u e  of Z , Y, , 

such t h a t  
3 
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There fo re ,  a f t e r  a t i m e  Ad observeR comoving w i t h  t h e  

m a t t e r  w i l l  be unable  t o  send a l i g h t  s i g n a l  f r o m  t h e  s t a r :  t h e  

COE w i t h i n  which a s i g n a l  can  escape  has  closed e n t i r e l y .  For 

t h e  sun r = 2 . 9  km , \ = 10 c m  and T 10 sec. II 5 
0 0 

It can  a l s o  be shown t h a t  f o r  l a r g e  v a l u e s  of t ,  

(See Oppenheimer and Snyder Phys. Rev. 56, 455 (1939)  f o r  m o r e  

d e t a i l s  of t h e  above d i s c u s s i o n . )  

I t  i s  a l s o  i n t e r e s t i n g  t o  n o t e  t h a t  when 

r =  [F 2, + G ]  2/3 
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3 Rb3l2  
[ i  O { I -  

3/2 2/3 r - 1/2 ( ' \  2 r  O )  } ] + R 3 l 2 ]  , 

% ' F s  
J 

3 
2 
- 

R r  
0 - 

Thus w e  have t h a t  when R = % , r = r  when = 7, 

The p o i n t  a t  which an observer comoving w i t h  t he  m a t t e r  cannot  

send a l i g h t  s i g n a l  from t h e  s t a r ,  corresponds t o  t h e  r ad ius  of 

t h e  s t a r  reaching t h e  Schwarzschi ld  s i n g u l a r i t y ,  r , a s  

measured by a d i s t a n t  observer .  

0 

0 

I n  t h i s  d i scuss ion  w e  have neglec ted  r a d i a t i o n  i n  assuming 

t h a t  

or 

r 

where 
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Some t y p i c a l  v a l u e s  of T are: r 

r = -  2GM (cm) 
2 C 0 

10 

12 

11 

.7 x 10 

.7 x 10 

.7 x 10 

16 

12 

8 

1.84 x 10 

1.84 x 10 

1.84 x 10 

5 

7 

9 

1 2.96 x 10 

10 2.96 x 10 

l o 4  2.96 x 10 

10 

9 

8 

-28 2 

.7 x 10 4 1.84 x 10 11 

13 

15 

27 

lo6 2.96 x 10 

l o 8  2.96 x 10 1.84 x .7 x 10 

1.84 .7 x 10 

1.84 x 10 .7 x 10 

2.96 x 10 

2.96 x 10 

10 10 



The Energy-Momentum Pseudo-Tensor 

For f l a t  space w e  have seen t h a t  the  conserva t ion  l a w s  

of mechanics a r e  given by t h e  equat ions  

where TL1$ is  t h e  energy momentum t e n s o r .  

r a l i z a t i o n  of t h i s  r e s u l t  t o  a curved space t i m e  i s  

The n a t u r a l  gene- 

which has  been used i n  c o n s t r u c t i n g  t h e  f i e l d  equat ions-  W e  

s h a l l  now i n v e s t i g a t e  the  conservat ' ion l a w s  which a r e  pre- 

scribed by t h i s  g e n e r a l i z a t i o n .  

The con t rac t ed  c o v a r i a n t  d e r i v a t i v e  can be w r i t t e n  out  

t o  ob ta in  

o r  

In t roduc t ing  t h e  t enso r  d e n s i t y  

where g is  t h e  determinant  of t h e  metric t e n s o r ,  and us ing  
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t 

w e  can w r i t e  

3 1 - 3 1  r: ---- 
an( 

Now we  can  express  t h e  equat ion 

n- 
above express ion  and The second and f o u r t h  t e r m s  c a n c e l  i n  t h e  

= o ,  
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Since 

w e  o b t a i n  

A J  0 a TCLJ 
.--- 

ahr 9 

This reduces t o  

because 

As w e  a r e  i n t e r e s t e d  i n  o b t a i n i n g  conserva t ion  laws, 

w e  would l i k e  t o  have an equat ion  of t h e  form 

divergence of something = 0. 

This can be accomplished by w r i t i n g  
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whe re 

Thus w e  have reduced our o r i g i n a l  equat ion 

9 3 
t o  the diveregence of (x, + t p  ) equals  zero.  W e  a r e  

s t i l l  faced wi th  the problem, however, of f i n d i n g  an express ion  

f o r  $ k  . It can  be shown (See Tolman, R e l a t i v i t y ,  Thermodynamics, 9 

and Cosmology, p. 2 2 2 )  t h a t  

6 

Thus % p, is  no t  a t enso r  b u t  it is def ined  i n  any coord ina te  

system by t h e  above equat ion  and may be called t h e  energy-momentum 

pseudo-tensor ,  Therefore  t h e  equat ion 



- 5 -  

al though n o t  a t e n s o r  equat ion ,  is s t i l l  c o v a r i a n t  because 

it w i l l  have t h e  same form i n  a l l  coo rd ina te  systems. 

W e  now i n t e g r a t e  t h i s  equat ion  over t h e  s p a t i a l  volume, 

2 3 a Q x ' + b ,  C ~ X  k d ,  and e 4 x  "f, f o r  a f i x e d  va lue  

of t h e  t i m e  x . Then w e  have 4 

Carrying out  some of t h e  i n t e g r a t i o n s  on t h e  r i g h t  hand s i d e  

w e  have 

C d  

Q C  

e a  
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3 For a f l a t  space t i m e  4-3-1, t, 9 0 ,  and 

and the above equat ions  become 

'49 

eta S 

These equat ions  r ep resen t  the conserva t ion  of energy and 

momentum w i t h  

I 

P = momentum, and P =energy i 4 

Therefore  f o r  non- f l a t  space t i m e  we  w r i t e  t h e  energy and momentum a s  

C e b  
4 

where r p  r e p r e s e n t s  t h e  energy and momentum dens i ty  of t he  mat te r  

and t, It t h a t  of the g r a v i t a t i o n a l  f i e l d .  



WEAK FIELD APPROXIMATION - GRAVITATIONAL WAVES 

1. The Wave Equation 

I n  t h i s  s e c t i o n  w e  s h a l l  s tudy  t h e  E i n s t e i n  F i e l d  Equat ions 

d i f fe rs  from i t s  9fi* f o r  t h e  c a s e  i n  which the  metric 

Ga l i l ean  va lue  

t h a t  i s ,  w e  expand the metric 

a s  a series i n  6 , v i z . ,  

by q u a n t i t i e s  of o r d e r  6 ( &uz ) ; %* 
about  i t s  Ga l i l ean  va lues  

@t* 

where 

Thus t o  f i rs t  order i n  6 w e  may r a i s e  ( o r  lower) i n d i c e s  

by us ing  the Ga l i l ean  metric & . S i m i l a r l y  c o n t r a c t i o n s  

may i n  t he  same approximation be expressed a s  

( 3 )  
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Q u i t e  g e n e r a l l y ,  t h e  once c o n t r a c t e d  Riemann Curvature  t e n s o r  

may be w r i t t e n  a s  

where t h e  C h r i s t o f f e l  symbols a r e  de f ined  by 

Now s i n c e  each C h r i s t o f f e l  symbol is  a t  l e a s t  of o r d e r  & , 

w e  may, i n  o u r  l i n e a r  approximation, drop  products  of t w o  o r  

more of them. Accordingly w e  may w r i t e  

I n  order t o  e v a l u a t e  t h e  once c o n t r a c t e d  c u r v a t u r e  t e n s o r ,  w e  

m u s t  f i r s t  compute t h e  C h r i s t o f f e l  symbols t o  f i r s t  order i n  e ,  

and then  t h e i r  a p p r o p r i a t e  d e r i v a t i v e s .  Thus w e  f i n d ,  
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Using t h e  f a c t  t h a t  d e r i v a t i v e s  of pv van i sh  ( s i n c e  f!Li)/ i s  

a c o n s t a n t  metric) and keeping on ly  first o r d e r  terms we have 

Hence d i f f e r e n t i a t i n g  

S i m i l a r l y ,  

Because of t h e  symmetry 

t e r m  a s  

g rd= g4r w e  can w r i t e  t h e  l a s t  

and upon in t e rchang ing  t h e  roles of t h e  dummy i n d i c e s  o( and W' 

t h i s  becomes i d e n t i c a l  t o  t h e  f i r s t  term and t h u s  c a n c e l s  it. 

Thus 
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D i f f e r e n t i a t i n g  wi th  r e s p e c t  t o  t h e  index Y 

S u b s t i t u t i n g  (8) and (9) i n t o  t h e  express ion  f o r  RwJ (6) 
we have 

W e  can  look a t  t h i s  approximation procedure from another  

po in t  of view: W e  a r e  always f r e e  t o  t ransform away t h e  

g r a v i t a t i o n a l  f i e l d  a t  a given p o i n t  P. (a po in t  €o r  which 

r$ = 0)  ; having done t h i s  w e  c a n  always look i n  an i n f i n i -  

t e s i m a l  neighborhood of t h i s  po in t .  I n  t h i s  neighborhood 

the  metric w i l l  d i f f e r  only i n f i n i t e s i m a l l y  from t h e  Ga l i l ean  

va lues  a t  t h e  p o i n t  unde r  cons ide ra t ion .  Thus by saying t h a t  

' t h e  d i f f e r e n c e  - % be small  (of o r d e r  & )  w e  have n o t  

s p e c i f i e d  t h e  coord ina te  system uniquely s i n c e  any po in t  i n  

t h e  i n f i n i t e s i m a l  neighborhood of P w i l l  s a t i s f y  t h i s  condi t ion  

and s i n c e  each p o i n t  i n  t h i s  neighborhood d e f i n e s  a d i s t i n c t  

r e fe rence  frame. I n  cons ider ing  t h e  above remarks it i s  

u s e f u l  t o  b e a r  i n  mind t h e  analogous s i t u a t i o n  of a sphere 

(curved s u r f a c e )  i n  3 dimensions.  A t  a given po in t  P on a 

g q  
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sphere  w e  may always draw a t angen t  p lane  ( f l a t  s u r f a c e )  and 

i n  an i n f i n i t e s i m a l  neighborhood of t h i s  po in t  P the tangent  

p lane  ( f l a t  s u r f a c e )  w i l l  d i f f e r  i n f i n i t e s i m a l l y  from the 

corresponding p o i n t  on t h e  s u r f a c e  of t h e  sphere.  

The upshot  of a l l  t h i s  is t h a t  s i n c e  w e  h a v e n ' t  s p e c i f i e d  

o u r  coord ina te  system uniquely w e  can (and indeed must) impose 

f o u r  cond i t ions  on &p which of course  must be compatible  

w i t h  i t s  being smal l .  W e  impose the fol lowing cond i t ions  

Y e t  it is  s t i l l  poss ib l e  t h a t  w e  have n o t  uniquely s p e c i f i e d  

o u r  coord ina te  system so w e  s h a l l  look a t  an  a r b i t r a r y  

i n f i n i t e s i m a l  coord ina te  t ransformat ion  and see whether the 

r e s t r i c t i o n  (11) does o r  does n o t  l eave  u s  any freedom. 

Consider  t h e  t ransformat ion  

where 

f o r  convenience) . 
@ i s  smal l  (have dropped the smal lness  parameter  

Under t h i s  t ransformat ion  the metric t ransforms a s  
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o r  

YS Rais ing  t h e  index w i t h  

and upon c o n t r a c t i n g  6 a n d p  

Ac.= 4- W , A  

Now i f  o u r  coord ina te  c o n d i t i o n  is  t o  be preserved under 

such an i n f i n i t e s i m a l  t r ans fo rma t ion ,  t hen  w e  must have 

Thus assuming t h a t  t h e  c o o r d i n a t e  cond i t ion  i s  i n v a r i a n t  t o  

such a t r ans fo rma t ion  ( i . e . ,  holds i n  both systems) w e  have 
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o r  f i n a l l y  

wi& r~pth 
Thus o u r  coord ina te  s p e c i f i c a t i o n  is  i n v a r i a n t  I\ a group 

of i n f i n i t e s i m a l  t ransformat ions  genera ted  by anyvec tor  

s o l u t i o n  of  t h e  wave equat ion .  Thus w e  have found t h a t  the 

p e r s i s t e n c e  of ou r  coord ina te  cond i t ion  under an i n f i n i t e s i m a l  

t ransformat ion  l eaves  u s  y e t  some freedom i n  a choice  of 

coord ina te  system and hence does  n o t  un ique ly  s p e c i f y  it. 

W e  s h a l l  look f u r t h e r  i n t o  t h e  phys ica l  meaning of  t h i s  

coord ina te  cond i t ion  and t h e  freedom which i t  a l lows  i n  t h e  

next  s e c t i o n .  For  now w e  w i l l  show t h a t  o u r  coord ina te  

cond i t ion  impl ies  t h a t  t h e  l a s t  three terms i n  t h e  express ion  

€or RfiY vanish ,  and t h a t  t h e  l i n e a r i z e d  E i n s t e i n  equat ions  

r e s u l t  i n  a wave equat ion  wi th  t h e  energy momentum t e n s o r  

a s  i t s  source. The l a s t  t h r e e  terms i n  R p #  Eqn. (10) a r e  

Using t h e  coord ina te  cond i t ions  x$,c= 5 1 

t h e  above becomes 



Thus RpV becomes 

and 

Thus 

Finally Einstein's field equations become 

- 2 n ( - A p ~ = q F v  
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2.  The Phys ica l  Meaninq of Coordinate  Condit ions - Weyl So lu t ions  

W e  know i n  gene ra l  t h a t  E i n s t e i n ' s  equat ions  a r e  e s s e n t i a l l y  

s i x  equat ions  f o r  t e n  unknowns and t h a t  t h i s  p re sen t s  no con- 

c e p t u a l  problem inasmuch a s  one could n o t  expec t  t h e  equat ions  

of phys ics  t o  s p e c i f y  t h e  coord ina te  system. I n  o t h e r  words, 

s i n c e  t h e  f i e l d  equat ions  a r e  s p e c i f i c a l l y  made cova r i an t ,  t h a t  

i s ,  independent of  ou r  choice of coord ina te s ,  we could ha rd ly  

expec t  t h e  equat ions  t o  t e l l  us which coord ina tes  t o  use.  Thus 

w e  a r e  a l lowed,  and indeed fo rced  t o  impose fou r  a r b i t r a r y  

cond i t ions  upon t h e  f i e l d  equat ions  and thus  pick our  coord ina te  

system. This  i s  very  analogous t o  

dynamics which occurs  when so lv ing  
S A  a 

For i n  e lectrodynamics t h e  E and H 

depend upon our  f r a m e  of r e fe rence  

the s i t u a t i o n  i n  Elec t ro-  

Maxwell ' s f i e l d  equat ions .  

( o r  % and 4 ) f i e l d s  

( i n  t h e  same way t h a t  g *P 
does above) .  What one does is t o  pick a frame f o r  which there 

i s  a d e f i n i t e  r e l a t i o n  between E 
3 3 

and H (or  A a n d #  ) i . e . ,  

choosing a guage (coord ina te  condi t ions)  and one f i n d s  aga in  

an a r b i t r a r i n e s s  i n  t h a t  t h e r e  e x i s e a  group of t ransformat ions  

which l eave  the E and H f i e l d s  i n  the same r e l a t i d n  t o  one 
J 3 

a no t h e r  . Vi?, 
J 



I s9 
- 10 - 

Now i f  A ,  a r e  such t h a t  t hey  s a t i s f y  t h e  guage c o n d i t i o n  

w e  see t h a t  the  p e r s i s t e n c e  of t h i s  cond i t ion  
TT Ires 

t.$+g= 0 
f o r  an  a r b i t r a r y  i n f i n i t e s i m a l  t ransformat ion  8 t h a t  

o r  

and w e  see t h a t  w e  have the same a d d i t i o n a l  freedom i n  o u r  

choice of guage a s  w e  d i d  i n  o u r  choice  o f  coord ina te  cond i t ions .  

That  i s ,  by p ick ing  the Lorentz  guage SA" +'$@ t h e r e  

s t i l l  remains an a r b i t r a r i n e s s  t o  w i t h i n  a s o l u t i o n  

o f  the  wave equat ion  ( i n  g r a v i t a t i o n a l  c a s e  there was a v e c t o r  

s o l u t i o n  of the  wave equa t ion ) .  Thus w e  see t h a t  there is  a 

d i rec t  analogy between t h e  e lec t romagnet ic  and g r a v i t a t i o n a l  

wave equat ions .  

seal f 

Now the m o s t  obvious choice  of coord ina te  cond i t ions  a r e  

those f o r  which the E i n s t e i n  equat ions  t a k e  on their  s imples t  

mathematical  form, b u t  t h i s  i s  n o t  of n e c e s s i t y  the m o s t  

p h y s i c a l l y  meaningful form. The remainder of t h i s  s e c t i o n  

w i l l  be devoted t o  showing t h a t  i n  the c a s e  w e  a r e  cons ide r ing ,  

the inhomogeneous wave equat ion  obta ined  by us ing  o u r  p a r t i c u l a r  
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coord ina te  cond i t ions  is  indeed t h e  m o s t  phys i ca l  choice.  I n  

what fo l lows  w e  cons ide r  only t h e  f r e e  f i e l d  equat ions  

D 

= o  RPv 

Before w e  imposed our  coord ina te  cond i t ions  t h e  E i n s t e i n  

t e n s o r  had t h e  form 

Def i n e  

so t h a t  t h e  f i e l d  equat ions  R+v = 0 can be w r i t t e n  

Now l e t  

an a r b i t r a r y  f u n c t i o n  

ev be t h e  source f o r  a wave equat ion  involv ing  

t3 $1, = 7% 
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S u b s t i t u t i n g  t h i s  back i n t o  (24)  w e  o b t a i n  

Th i s  l a s t  e q u a t i o n  s u g g e s t s  t h a t  a p o s s i b l e  s o l u t i o n  i s  

= Q!!# + 4 v p  

where it must be emphasized t h a t  i s  a r b i t r a r y .  To see 

i f  t h i s  i s  a c t u a l l y  a possj .ble  s o l u t i o n  w e  must s u b s t i t u t e  

t h i s  back i n t o  t h e  wave q u a t i o n  RAv = 0 i . e . ,  

o r  

The t h r e e  u n d e r l i n e d  t e r m s  c a n c e l  one a n o t h e r  and w e  a r e  l e f t  

w i t h  

-a-R,v t. 
- a Rpv + 
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b u t  by (26) the braced term is e x a c t l y  31 so t h a t  

= h , V +  4$p is  a s o l u t i o n .  Th i s  gene ra l  c l a s s  of 
P 

rY,' 

& are 
s o l u t i o n s  genera ted  by the f o u r  a r b i t r a r y  func t ions  

c a l l e d  Weyl s o l u t i o n s  and w e  denote  them by a s u p e r s c r i p t  (&I. 

Now i f  w e  t a k e  any g iven  s o l u t i o n  of the l i n e a r  equa t ions  4. 
w e  can always c o n s t r u c t  the func t ions  2;.=Cir 4 # ) y  z I 

ah= 2% 
cu 

and can a s s o c i a t e  func t ions  f$!f w i t h  the L p v i a  

Thus w e  have cons t ruc t ed  new func t ions  

s o l u t i o n  t o  t h e  l i n e a r  f i e l d  equat ions  which can i n  t u r n  be 

f r o m  a g iven  h- 
used t o  gene ra t e  a new solu+:ion of the f i e l d  equa t ions ,  v i z .  

t h e  a s s o c i a t e d  Weyl s o l u t i o n s .  . 
Since  w e  a r e  d e a l i n g  wi th  l i n e a r  equa t ions ,  t h e  sum 

(o r  t h e  d i f f e r e n c e )  of any t w o  s o l u t i o n s  i s  aga in  a s o l u t i o n :  

t h u s  w e  have ano the r  s o l u t i o n  

Thus g iven  a s o l u t i o n  t o  the l i n e a r i z e d  f i e l d  equa t ions  one 

can c o n s t r u c t  un ique ly  an  a s s o c i a t e d  Weyl s o l u t i o n  and t h e i r  

d i f f e r e n c e  i s  a l s o  a unique s o l u t i o n .  

N o t e  t h a t  the g iven  s o l u t i o n  6. s a t i s f i e s  Eqn. (24) 
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and t h a t  t h e  a s s o c i a t e d  Weyl s o l u t i o n  s a t i s f i e s  Eqn. ( 2 6 ) .  

Thus t h e i r  d i f f e r e n c e  s a t i s f i e s  

o r  formal ly  w e  could w r i t e  it a s  

Only t h i s  d i f f e r e n c e  s o l u t i m  w i l l  t u r n  o u t  t o  have phys ica l  

s i g n i f i c a n c e .  Note t h a t  it s a t i s f i e s  a homogeneous wave 

equat ion  and propagates  wi th  t h e  v e l o c i t y  of l i g h t  C .  The 

reason f o r  w r i t i n g  Eqn. (31) down i s  t h a t  formal ly  t h e r e  i s  

always a func t ion  % a s s o c i a t e d  wi th  &p , and i n  a d d i t i o n  

one can show t h a t  i f  t h i s  func t ion  eP s a t i s f i e s  t h e  cond i t ion  

imposed upon it by (31) and i f  it i s  a l s o  r e g u l a r  everywhere 

and vanishes  a t  i n f i n i t y  i n  an asymptot ica l ly  pseudoeocl dUr\ 

space then  &O. 

equat ions  

h 

Thus Eqn (31) reduces t o  t h e  system of 
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which is j u s t  the homogeneous wave equat ion  and the a s s o c i a t e d  

coord ina te  cond i t ion  Eqn. (11). Thus w e  can  i d e n t i f y  

Now w e  a r e  i n  a p o s i t i o n  t o  j u s t i f y  why w e  have sa-id t h a t  on ly  

t h e  d i f f e r e n c e  s o l u t i o n ,  i .e.  , 

is  p h y s i c a l l y  s i g n i f i c a n t .  I n  order t o  do t h i s  w e  must f irst  

understand what the p h y s i c a l l y  s i g n i f i c a n t  q u a n t i t y  is. 

Since  t h e  wave phenomena w e  a r e  cons ide r ing  i s  t h a t  of a 

metric wave, and s i n c e  the metric determines the s t r u c t u r e  of 

the space  it i s  n a t u r a l  t o  look a t  t h e  fullRiemann Tensor 

which determines whether o r  n o t  the space  i s  f l a t . ( R e c a l l  t h a t  

the  vanish ing  of the f u l l  Riemann cu rva tu re  t e n s o r  is  a 

necessary  and s u f f i c i e n t  cond i t ion  f o r  t h e  space t o  be f l a t . )  

I f  the space  i s  f l a t  there i s  no sense  i n  t a l k i n g  about  

g r a v i t a t i o n a l  waves s i n c e  g r a v i t a t i o n  i s  a s c r i b e d  t h e  p rope r ty  

of curv ing  the space.  The f u l l  Riemann cu rva tu re  t e n s o r  i s  

I n  the l i n e a r  approximation products  of t w o  o r  more C h r i s t o f f e l  

symbols may be dropped and w e  have 
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A Weyl s o l u t i o n  has  t h e  form 

Thus s u b s t i t u t i n g  t h i s  i n t o  t h e  above 

Thus the Weyl s o l u t i o n  corresponds t o  a @d/ Riemann 

t e n s o r  ( i n  f irst  order) and thus  t o  a f l a t  space.  Therefore  

t h e  Riemann t e n s o r  depends only  on &# . The Weyl s o l u t i o n  

seems t o  be pure ly  formal  and indeed can be t ransformed away 

by proper  choice  of coord ina te  system. Reca l l  t h a t  upon 

making a t ransformat ion  of t h e  type  (11) zLXe+dp 
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w e  found t h a t  t h e  t ransformed metric &p 
o r i g i n a l  metric 

(see Eqn. 14). Hence the  in f luence  of the a r b i t r a r i n e s s  of 

d i f f e r e d  from t h e  

by a Weyl type  s o l u t i o n  44pf Qa/M -4 
t h e  coord ina te  system due t o  t h e  freedom i n  choosing t h e  

(guage) func t ion  410( is t o  add a Weyl-type s o l u t i o n  t o  gN@ 

and converse ly  one can e l i m i n a t e  the Weyl p a r t  of a s o l u t i o n  

-&I by a simple coord ina te  t ransformat ion .  I n  f a c t  if 

( i - e . ,  pure ly  Weyl-type s o l u t i o n ) ,  one c a n  cr3) a,= RoLa 
e a s i l y  go t o  a system where 

Eucledian space.  This  is i? accord wi th  t h e  vanish ing  of t h e  

&bs 32.4 i . e . ,  a pseudo- 

Riemann t e n s o r  fo r  t h e  Weyl s o l u t i o n  and and i t s  corresponding 

t o  f l a t  space and thus  no g r a v i t a t i o n a l  f i e l d .  Thus w e  have 

shown t h a t  Eqns. (32) r e p r e s e n t  t h e  meaningful s o l u t i o n s .  

N o t e  t h a t  t h e  cond i t ion  
A '&= 0 in t roduces  r e l a t i o n s  among 

4 
t h e  4 4  i n  the same way t h a t  f o r  i n s t ance  the Coulomb guage 

a *  
V,A L, 0 i n t roduces  r e l a t i o n s  among t h e  components of 

&lfjfj'O t h e  v e c t o r  p o t e n t i a l  i n  e lectrodynamics,  e.g. I 

i . e .  I p o l a r i z a t i o n  e f f e c t s :  a s i m i l a r  " p o l a r i z a t i o n "  effect  

occurs  i n  g r a v i t a t i o n a l  waves due  t o  the  coord ina te  cond i t ion  

on $a 



Cosmology - S t a t i c  Models 

It i s  our aim i n  t h i s  s e c t i o n  t o  apply the equat ions  of 

gene ra l  r e l a t i v i t y  t o  t h e  un ive r se  a s  a whole and t o  use  t h e s e  

r e s u l t s  t o g e t h e r  w i th  o t h e r  assumptions t o  c o n s t r u c t  models of 

our universe .  Then, by comparing t h e  p r e d i c t i o n s  of t h e s e  models 

w i th  obse rva t ions ,  w e  w i l l  be a b l e  t o  determine which of  t h e s e  

models ,  i f  any, a c t u a l l y  corresponds t o  our universe .  

I n  the d i scuss ion  of s t a t i c  cosmology t h e  m o s t  important  

obse rva t iona l  f a c t s  a r e  t h e  following: 

1) d e n s i t y  - t h e  observa3le  ma t t e r  i n  the universe  

-31 3 
g i v e s  = 7 x 1 0  sm/cm I 

2 )  r e d  s h i f t  - d i s t a n c e  r e l a t i o n  - Hubble has  found t h a t  

a l i n e a r  r e l a t i o n  e x i s t s  between t h e  observed r e d  s h i f t  

o f  a source and the d i s t a n c e  t o  the source.  

W e  w i l l  show i n  t h i s  s e c t i o n  tha t  none of the s t a t i c  models 

a r e  a b l e  t o  p r e d i c t  t h e s e  obse rva t iona l  r e s u l t s .  

I n  ob ta in ing  a cosmological  l i n e  element we  s h a l l  assume t h a t  

t h e  un ive r se  i s  homogeneous and i s o t r o p i c  and neg lec t  l o c a l  

i r r e g u l a r i t i e s  i n  t h e  g r a v i t a t i o n a l  f i e l d .  Hence w e  t a k e  t h e  l i n e  

element i n  t h e  g e n e r a l  s p h e r i c a l l y  symmetrical  s t a t i c  form 
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wi th  X and 4 f u n c t i o n s  of p a lone .  Also i f  we assume t h a t  

t h e  un ive r se  is f i l l e d  wi th  a p e r f e c t  f l u i d  wi th  p r e s s u r e  

and d e n s i t y  yea , t h e  f i e l d  equat ions  become 

P, 

dn, t 

where t h e  primes refer t o  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  jL and 

A is  t h e  cosmological cons t an t .  (See T o b a n ,  R e l a t i v i t y ,  

Thermodynamics and Cosmology, p. 242. )  

W e  can now o b t a i n  t h e  only p o s s i b i l i t i e s  f o r  a s t a t i c  

homogeneous and i s o t r p p i c  model, by imposing t h e  fol lowing con- 

d i t i o n s  on t h e  above equat ions .  

as measured by a l o c a l  observer  s h a l l  be t h e  same everywhere, 

because of t h e  assumed homogeneity of t h e  model: secondly,  t h a t  

t h e  proper  d e n s i t y  ? b o  s h a l l  everywhere be t h e  same, aga in  

owing t o  t h e  homogeneity of t h e  model; and t h i r d l y  t h a t  t h e  l i n e  

element s h a l l  reduce t o  s p e c i a l  r e l a t i v i t y  f o r  s m a l l  va lues  of r ,  

h =  9 = 0 , owing t o  t h e  known v a l i d i t y  of t h e  s p e c i a l  t heo ry  

F i r s t  t h a t  t h e  p r e s s u r e  

of  r e l a t i v i t y  f o r  a l i m i t e d  space-time reg ion .  
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Since ?, must be independent of space coord ina te s ,  w e  have 

- = o  d Qo 
dn 

o r  

This l e a d s  t o  t h r e e  p o s s i b i l i t i e s  

$' = 0 

o r  $ ' =  0 and 

I. The E i n s t e i n  Universe 

1) The l i n e  element.  

The E i n s t e i n  l i n e  element arises from choosing 

I 

$ = o  

I n t e g r a t i n g  t h i s  equat ion ,  and keeping cond i t ion  t h r e e  i n  mind 

( 3 3 o a s  n 3 o ) ,  we o b t a i n  

3 =  0 

Then 



or 

- 4 -  

- r \  e 

If w e  d e f i n e  R as 

( A  -srrP,) = YRL 1 

t h e  E i n s t e i n  l i n e  element can be w r i t t e n  as 

2 )  The geometry. 

W i t h  the l i n e  element given above w e  can f i n d  t h e  volume 

of the E i n s t e i n  un ive r se  

a 

v = \  
d 

t o  be 
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The spatial geometry defined by this volune and the line element 

is called elliptical. 

The geometry can be interprted somewhat differently if we 

introduce new coordinates. Consider the transformation 

1 '  - 2 ,  = R 

In terms of these coordinates the line element has the form 

and we may consider the spatial part of the Einstein universe 

as the three-dimensional spherical surface Z: t 2," + 2; t; Q% 

embedded in the four-dimensional Euclidean space ( Z , ,  2,, z j ,  2 , ) .  

Introducing polar coordinates on the sphere 



we have 

Each p o i n t  on the sphere  corresponds t o  one set of va lues  

( +,e, j6 ) ,  i n  the i n t e r v a l s  

0 4 9  5 - K )  

The volume of the  E i n s t e i n  un ive r se  i n  t e r m s  of these new 

coord ina te s  is 

0 0 0 

a 
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Thus t h e  volume i n  t h i s  so-ca l led  s p h e r i c a l  space is t w i c e  t h a t  

i n  t h e  e l l i p t i c a l  space.  This comes from the fact  t h a t  

w h i c h  shows t h a t  t h e  e l l i p t i c a l  space covers  only t h e  hemisphere 

0 1  CI) 6 T'/z . I n  t h e  e l l i p t i c a l  space a n t i p o d a l  p o i n t s  

on t h e  sphere  a r e  counted a s  one p o i n t .  

W e  can e a s i l y  c a l c u l a t e  t h e  d i s t a n c e  around t h e  un ive r se  

i n  t e r m s  of t h e  Z ' s .  I f  w e  cons ider  motion only i n  t h e  Z - Z  

p lane ,  w e  have 

1 2  

L 

2: 4- 2% = (?-, 

and 

ds"  = 42,"  t d Z,' 

The element of a r c  l eng th  can be reduced t o  

and then  the d i s t a n c e  around the universe  is  given by 

R 

0 
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The d i s t a n c e  around t h e  un ive r se  i n  the case  of e l l i p t i c a l  

geometry w i l l  be  half  t h i s  value.  

3 )  Density and Pressure.  

W e  have found tha t  

where 

In t roducing  t h i s  i n t o  t h e  equat ion  

we o b t a i n  
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-- 

I f  w e  s o l v e  f o r  R and A i n  terms of roo and ?e , we f i n d  

f i  = 4T pea + 3 3 , )  

Therefore ,  s i n c e  PO. and are p o s i t i v e  q u a n t i t i e s ,  we  

conclude t h a t  A and R" are bo th  p o s i t i v e .  W e  regard  A and 

R% a s  a d j u s t a b l e  parameters  which depend on t h e  n a t u r e  of t h e  

f l u i d  used t o  f i l l  our model. 

I f  we cons ider  our  model a s  f i l l e d  wi th  ma t t e r  e x e r t i n g  no 

p r e s s u r e ,  we have 

-58 -2 c m  . On t h e  -31 3 
which f o r  f.. 10 gm/cm g i v e s  A - 10 
o t h e r  hand i f  we  took t h e  model as f i l l e d  w i t h  r a d i a t i o n  

and 
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F i n a l l y ,  i f  we t a k e  

Po ,  = P o  2 0  

w e  have 

and the E i n s t e i n  un ive r se  would degenerate  i n t o  t h e  f l a t  space 

time of s p e c i a l  r e l a t i v i t y .  

It should be noted t h a t ,  i n  order for t h e  E i n s t e i n  universe  

t o  c o n t a i n  any m a t t e r ,  it is  necessary t h a t  A be non-zero and 

R be p o s i t i v e  corresponding t o  a s p a t i a l l y  c losed  un ive r se  Of 

f i n i t e  s p a t i a l  volume. 

4) Particles and l i g h t  r ays .  

The motion of a free p a r t i c l e  i n  the g r a v i t a t i o n a l  f i e l d  

corresponding t o  t h e  E i n s t e i n  un ive r se  is given by t h e  geodesic  

equat ion 

d S  d s  d s  

where t h e  r h are determined f r o m  the l i n e  element. Since 

we are cons ider ing  a s t a t i c  model, w e  would hope t h a t  the 

p a r t i c l e s  of the model would be a t  rest w i t h  r e s p e c t  t o  t h e  

s p a t i a l  coo rd ina te s .  I f  we cons ider  p a r t i c l e s  w i t h  ze ro  s p a t i a l  
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v e l o c i t y  , 

t h e  equat ions  of motion reduce t o  

Upon c a l c u l a t i n g  t h e  C h r i s t o f f e l  symbols and s u b s t i t u t i n g  them 

i n t o  t h e  above express ion  w e  f i n d  t h a t  

Thus p a r t i c l e s  a t  rest would remain a t  rest and t h e  E i n s t e i n  

model could be expected t o  p e r s i s t  i n  the assumed s t a t i c  s t a t e .  

The v e l o c i t y  of l i g h t  can be determined by s e t t i n g  ds  = 0 ,  

f o r  motion i n  t h e  r a d i a l  d i r e c t i o n  w e  have 

I n  order  t o  c a l c u l a t e  t h e  t i m e  it would t a k e  f o r  a l i g h t  s i g n a l  

t o  t r a v e l  around t h e  un ive r se ,  we  use t h e  coord ina tes  ( f , , ~ , ,  t,, 2?) 

int roduced above and f i n d  
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I f  we  a d j u s t  t h e  coord ina te s  so t h a t  t h e  motion only t a k e s  p l a c e  

i n  t h e  Z - Z  p lane ,  w e  have 
\r 

1 2  
t 

J 
? \ +  2 %  = R' 

A d ? ,  = - 2 2  dZL 

and 

d t  = 

Then 

d 

R 

= 4R 4 
0 

1 z 

\ d 2 ,  

1: 

W e  now i n v e s t i g a t e  t h e  p o s s i b i l i t y  of a red s h i f t  i n  t h e  

E i n s t e i n  model. Consider an observer  a t  t h e  o r i g i n  of coord ina te s  
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r = 0 abd a s i y r c e  a t  r = r ,  t hen  a l i g h t  s i g n a l  leav ing  t h e  

source a t  a t i m e  tl w i l l  a r r i v e  a t  t h e  observer  a t  t2 , 

dR tt = t ,  + 
0 

Hence, s i n c e  r i s  c o n s t a n t ,  t h e  i n t e r n a l  6 t =  between t h e  

r ecep t ion  of two success ive  wave crests would be equal  t o  the 

i n t e r n a l  6 t  \ between t h e i r  emission 

But according t o  t h e  l i n e  element,  t h e  q u a n t i t y  t i s  t h e  proper  

t i m e  f o r  bo th  t h e  source and t h e  observer ,  and t h e r e f o r e ,  s i n c e  

t h e  per iod  of t h e  l i g h t  would be the same a t  r = 0 and r = r ,  

t h e r e  i s  no red  s h i f t .  W e  can conclude t h a t  t h e r e  would be no 

sys temat ic  connect ion between observed wave l eng th  and the d i s -  

t ance  from t h e  observer  t o  t h e  source.  There could however be 

smal l  Doppler e f f e c t s  due t o  t h e  i n d i v i d u a l  motions of the 

sources .  

11. The de S i t t e r  Universe  

1) The l i n e  element 

The de S i t t e r  un ive r se  i s  cha rac t e r i zed  by t h e  cond i t ion  

t h a t  
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f o e  + = o  

But,  s i n c e  

F I 

t h i s  cond i t ion  reduces t o  

A' z - J ' .  

The s o l u t i o n  which reduces t o  s p e c i a l  r e l a t i v i t y  a t  r = 0 is  

x = - 3 .  

Now cons ide r  t h e  equat ion  

or 

The s o l u t i o n  is 

or 
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9 

where 4 is  t h e  cons t an t  of i n t e g r a t i o n .  Again r e q u i r i n g  t h a t  

,-x* I a s  p, 4 o , w e  p u t  A = 0 and o b t a i n  

I f  w e  in t roduce  t h e  cons t an t  R such t h a t  

the l i n e  element becomes 

2 )  The geometry 

By t h e  s u b s t i t u t i o n  

I L =  R S r J n F  

w e  o b t a i n  
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Another form may be obtained by using the transformation 

o ( =  k % A Q c m $  e =  bsUv\0 5-p 

Then 

with 

This gives a spatially closed model provided R is positive 

and finite. We can embed the whole of space-time in a five- 

dimensional Euclidean space by using the transformation 

2 , =  ) 2 -  = L Q  , 2 3  = A X  ) 2 4  = L A  , 2 ,  = € ,  

and 
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F i n a l l y ,  i n t roduc ing  t h e  new v a r i a b l e s  

and 

w e  have 

T h i s  can be w r i t t e n  a s  

w h e r e  

k L =  Y R .  

This i s  a non- s t a t i c  form of t h e  de S i t t e r  l i n e  element and i s  

u s e f u l  i n  d i scuss ing  the r e l a t i o n  between r e d  sh i f t  and d i s t a n c e .  

(See Tolman p. 356.) 

3 )  Absence of matter and r a d i a t i o n .  

The de S i t t e r  un ive r se  i s  c h a r a c t e r i z e d  by 

e o  0 t 3 ,  $ 0  

The proper  ma t t e r  d e n s i t y  is by d e f i n i t i o n  e i t h e r  ze ro  

o r  a p o s i t i v e  q u a n t i t y  and pa must be non-negative i f  t h e  
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model i s  t o  be stable a g a i n s t  c o l l a p s e .  Thus w e  have 

o r  

Therefore t h e  de S i t t e r  model can be regarded a s  s p a t i a l l y  

c losed  i f  the cosmological cons t an t  is  p o s i t i v e ,  a s  degenerat ing 

i n t o  t h e  open f l a t  space-time of s p e c i a l  r e l a t i v i t y  i f  the 

cosmological cons t an t  is  equal  t o  ze ro ,  and a s  s p a t i a l l y  open 

b u t  curved i f  t h e  cosmological cons t an t  should be negat ive .  

4) Particles and l i g h t  r ays .  

The motion of t es t  p a r t i c l e s  and l i g h t  r a y s  i s  governed by 

t h e  equat ions  f o r  a geodesic  

S u b s t i t u t i n g  t h e  va lues  f o r  a s  determined from t h e  l i n e  

element we  f i n d  
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I f  w e  choose t h e  coord ina te s  such t h a t  the motion of i n t e r e s t  i s  

i n i t i a l l y  i n  t h e  p lane  Q = ' /zT , then according t o  t h e  second 

of t h e  above equat ions  t h e  motion w i l l  remain permanently i n  t h a t  

p lane  and t h e  equat ions  w i l l  reduce t o  
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I n t e g r a t i n g  t h e s e  equat ions  we  o b t a i n  

d S  n 

where h and k a r e  cons t an t s  of i n t e g r a t i o n .  S u b s t i t u t i n g  

f o r  and 9 according t o  

we  f i n d  tha t  
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d s  

From t h e  f irst  two of t h e s e  equat ions w e  f i n d  t h e  equat ions  f o r  

the  o r b i t  of a p a r t i c l e  

According t o  Newtonian mechanics t h e  o r b i t  of a p a r t i c l e  i n  a 

p o t e n t i a l  given a s  a s  

where m i s  t h e  mass of the p a r t i c l e ,  E i t s  energy and $ 

t h e  angular  momentum. (See Golds te in ,  C l a s s i c a l  Mechanics, p. 7 3 )  

Thus i n  t h e  de S i t t e r  model we  have t h a t  V ( r )  i s  p r o p o r t i o n a l  

t o  -r and t h e r e f o r e  t h e  fo rce  a c t i n g  on a p a r t i c l e  i s  propor- 2 
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t i o n a l  t o  r.  

The t r a j e c t o r y  of a l i g h t  r a y  i s  c h a r a c t e r i z e d  by the 

cond i t ion  t h a t  ds  = 0, Since t h i s  i n t roduces  i n f i n i t i e s  i n  the 

geodesic  equat ion ,  w e  w r i t e  

and cons ider  t h e  l i m i t  a s  4-7  0 . S u b s t i t u t i n g  t h e  above 

express ion  i n t o  t h e  f irst  i n t e g r a l s  of the geodesic  equat ion  we 

f i n d  

Now a s  --3 0 

and 

we must have t h a t  

h 4 
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where A and B a r e  cons t an t s .  This i n s u r e s  t h a t  

w i l l  remain f i n i t e .  Solving t h e  above equat ions f o r  d"/dd 

w e  f i n d  t h a t  

o r  

d n  
dp = 

If we  now cons ider  t h e  l i m i t  e +  0 ( dS 3 0 ) , w e  have 

or 

w h e r e  = v ( + v  . Redefining t h e  cons t an t  C we have 
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- 3  * - I  
= s w  

where b is  def ined  a s  yF . Thus 

and 

or 

Hence l i g h t  r ays  t r a v e l  i n  s t r a i g h t  l i n e s  i n  t h e  de  S i t t e r  

universe .  

L e t  u s  now t u r n  t o  a d i s c u s s i o n  of t h e  r ed  sh i f t  i n  t h e  

de S i t t e r  un iverse .  For t h e  case  of pure ly  r a d i a l  motion the 

v e l o c i t y  of l i g h t  can be determined f r o m  t h e  l i n e  element t o  be 

db % + - 
dt 

Thus l i g h t  leav ing  a p a r t i c l e  l oca t ed  a t  r a t  t i m e  would 
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a r r i v e  a t  t h e  o r i g i n  a t  t i m e  t2 given by 

o r  

Note t h a t  it would t a k e  an i n f i n i t e  amount of t i m e  f o r  l i g h t  t o  

t r a v e l  from r = R t o  the o r i g i n .  Thus no information could be 

obtained from the  reg ion  r ; R and R could be c a l l e d  t h e  d i s -  

t ance  t o  the hor izon  of the universe .  

The t i m e  i n t e r v a l  d ts. between t h e  r ecep t ion  of two 

success ive  wave crests would be r e l a t e d  t o  the t i m e  i n t e r v a l  

between their  emission by t h e  equat ion 

where d r /d t  is t h e  r a d i a l  v e l o c i t y  of t h e  p a r t i c l e  a t  t h e  

t i m e  of emission. The r e l a t i o n  between and t h e  proper  

t i m e  i n t e r v a l  fo r  an observer  on the moving p a r t i c l e  can be 

determined f r a n  the  equat ion 
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Thus w e  have 

and for t h e  observer  a t  t h e  o r i g i n  

I f  is  t h e  wave l eng th  of t h e  l i g h t  e m i t t e d  from t h e  moving 

p a r t i c l e ,  t h e  wave l eng th  observed a t  t h e  o r i g i n ,  + 5 1 , 

i s  given by 

or 

Jt I 
x 6 t P  - n’/p 

h 
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Since k must be p o s i t i v e  f o r  K <  R , t h e  de S i t t e r  model 

allows f o r  bo th  red  and v i o l e t  s h i f t s ,  b u t  it favors  r e d  s h i f t s .  

It i s  p o s s i b l e ,  by the i n t r o d u c t i o n  of an a d d i t i o n a l  

hypothes is ,  t o  o b t a i n  a l i n e a r  r e l a t i o n  between t h e  r ed  s h i f t  

and d i s t a n c e  (see Tolman, p-  3 5 6 ) ,  b u t  t h e  de S i t te r  model i s  

s t i l l  u n s a t i s f a c t o r y  because it corresponds t o  an empty universe .  

111. The l i n e  e lement  of s p e c i a l  r e l a t i v i t y .  

I f  we  choose t h e  t h i r d  of the p o s s i b i l i t i e s  which lead t o  

a ze ro  p r e s s u r e  g r a d i e n t ,  

t h e  f i e l d  equat ions  r e q u i r e  t h a t  

This, t o g e t h e r  w i t h  the cond i t ion  t h a t  3 aiid 1 approach one 

a s  r goes t o  z e r o ,  l eads  t o  t h e  r e s u l t  

This l i n e  element corresponds t o  the f l a t  space of s p e c i a l  

r e l a t i v i t y .  
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NON-STATIC COSMOLOGY 

A. Investisation of line elements. 

One of course assumes spatial isotropy. One also chooses 

to consider, for convenience, a co-moving coordinate system. 

This is a system in which all components of velocity are zero. 

The most general line element in co-moving coordinates which 

is spatially isotropic is: 

At this point we would like to simplify this expression 

without changing the co-moving character of our coordinates. 

In particular we would likd to reduce the unknown functions 

p,v 
term drdt. 

to manageable proportions and eliminate the cross 

Since our coordinates are co-moving 

because all components of velocity are zero. Substitute a new 

time-like variable t 

3 
dtt = q(ady 4 e dt) 

where T( is an integrating factor chosen to make the right side 
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a perfect differential. Then 

Substituting into Eq. (1) and dropping the prime 

where h , p  and v are now functions of r and t . Notice 

that the coordinates U , B , C b  haven't been changed so we still 

have a co-moving system. 

Consider now the components of the gravitational accelera- 

tion for a free test particle. These are determined from the 

geodesic equation. For co-moving coordinates 

the geodesic equations become 
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However, our t e s t  p a r t i c l e  is a t  rest wi th  r e s p e c t  t o  an 

observer  i n  a co-moving coord ina te  system. The assumption of 

s p a t i a l  i so t ropy  i n s u r e s  the p h y s i c a l  r e s u l t s  tha t  a r e  observed 

a r e  independent of d i r e c t i o n .  Hence these a c c e l e r a t i o n s  a r e  a l l  

zero.  

Hence 

r,: = r,: = r 4 :  = 

s i n c e  is no t  i n  gene ra l  zero .  

E a r l i e r  i n  the no te s  it has  been shown t h a t  

For the l i n e  element we have chosen 

0 

err” 

0 

0 

0 

0 

so 

0 1  
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Thus v can only be a func t ion  of t . This knowledge permi ts  

u s  t o  in t roduce  a new t i m e  v a r i a b l e  

without  a l t e r i n g  t h e  co-moving c h a r a c t e r  of t h e  coord ina tes .  

Then 

From our assumption of s p a t i a l  i so t ropy  and our choice of 

co-moving coord ina tes  w e  have obtained a s e p a r a t i o n  of space- 

t i m e  i n t o  space and a u n i v e r s a l  t i m e  or thogonal  t o  t h i s  space.  

According t o  t h i s  form of t h e  l i n e  element 

t = to 

i s  now t h e  proper  t i m e  a s  measured by a l o c a l  observer  a t  rest 

wi th  r e s p e c t  t o  ma t t e r  i n  h i s  neighborhood. The proper  d i s t a n c e s  
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along t h e  coord ina te  axes a r e :  

The f r a c t i o n a l  r a t e  of change of these  proper d i s t a n c e s  

wi th  t ime is  

The assumption of s p a t i a l  i so t ropy  now impl ies  

a* at 

This r e s u l t  i n d i c a t e s  a new t r ans fo rma t ion  which can s im@l i fy  

t h e  l i n e  element wi thout  a l t e r i n g  t h e  co-moving cha rac t e r  of 

t h e  coord ina te s  

Y '  

Dropping primes t h e  l i n e  element becomes: 
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Consider again the fractional rate of change of the proper 

distance between neighboring particles of this model 

From considerations of spatial isotropy this quantity should be 

independent of r . Otherwise one could study the entire structure 
of the galaxy from this model. 

can be at most the sum of a function of r and t . 
Then P 

Using this non-static isotropic line element it can be 

shown (Relativity, Thermodynamics and Cosmo!.oqy, Tolman, p.  251-252) 

that the surviving terms of the energy-momentum tensors are 
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where accents denote differentiation with respect to r and 

dots with respect to t . 
From spatial isotropy the measurements of stress should 

be gymmetric with respect to x, y, and z directions. Hence 

1 
T1 and 2 3 = T2 = T3 

As a first integral 

I 2 - - c,r - '5% 
e - =2 

f 
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where R is a constant which can be 
\ - - -- C 

R? 0 
Let 

positive, negative, or infinite. Thus the line element becomes: 

This line element has been derived from extremely straight- 

forward and simple assumptions. If later observations lead to 

contradictions one must modify either the principles of relati- 

vistic mechanics or the assumption of spatial isotropy. 

The line element can be written in several different forms 

which aid in understanding the implied geometry. 

a) By the familiar transformation 

one gets 

whLch emphasizes the spatial isotropy. 

b) By substituting 
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the line element becomes 

This shows the relation between the non-static line element 

and the static Einstein line element. 
- 

c) Substituting Y = R, SifiY 

d) By introducing a larger number of dimensions 

where 
2 3. a 

= R, 2 a t ,  + t, $ 3 3  + 2 4  

Thus we can imagine our original space as embedded in a 

Euclidean space of a larger number of dimensions. The spatial 

extent of this non-static universe at a given time is a three 

dimensional spherical sukface 
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embedded in a four-dimensional Euclidean space (Z Z ,Z ,Z ) . 
The proper distance for the spatial coordinates are 

1'2 3 4 

Therefore the radius of the spherical surface is 

This quantity is conveniently spoken of as the radius of the 

non-static universe. Thus the expansion or contraction of g(t) 

controls the expansion or contraction of the universe. But 

note that, as defined,the radius R could be real, imaginary 

or infinite. 

0 

If the radius is assumed to be real the universe will be 

closed. The volume at any time t is given by integrating the 

line element (c) 
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'12 9 
The "circumference" around t h e  un ive r se  would be Q a =  ;InR,@ 

On t h e  o the r  hand, if R is  imaginary o r  i n f i n i t e ,  t h e  

model w i l l  be s p a t i a l l y  open. The volume can  be most convenient ly  

c a l c u l a t e d  by using the l i n e  element (b).  

0 

B, Densi ty  and p res su re  i n  a non- s t a t i c  un iverse .  

A t  t h i s  poin't no assumptions have been made regard ing  t h e  

n a t u r e  of t h e  matter f i l l i n g  t h e  model except  t h a t  it obeys 

E i n s t e i n ' s  f i e l d  equat ions  

W e  now in t roduce  t h e  assumption t h a t  t h e  m a t e r i a l  f i l l i n g  

t h e  model c o n s t i t u t e s  a p e r f e c t  f l u i d .  Therefore  we  can use  

t h e  express ion  f o r  t h e  energy momentum t enso r  of a p e r f e c t  f l u i d ,  
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and P a r e  t h e  macroscopic d e n s i t y  and p res su re  a s  QOQ 0 
where 

seen by a l o c a l  observer  a t  rest i n  t h e  f l u i d .  

components of t h e  macroscopic v e l o c i t y  of t h e  f l u i d  w i t h  r e s p e c t  

t o  the co-moving coord ina tes .  

a a r e  t h e  ds 

Using s p h e r i c a l  p o l a r  coord ina tes  t h e  l i n e  element becomes 

The co-moving coord ina tes  i n s u r e  t h a t  t h e  s p a t i a l  components of 

v e l o c i t y  a r e  ze ro  

The  form of t h e  l i n e  element now implies  

These cond i t ions  s impl i fy  t h e  energy-momentum t enso r  

From E q .  (11, ( 2 )  , and ( 3 )  
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where t h e  d o t s  refer t o  t i m e  d i f f e r e n t i a t i o n .  Note t h a t  i f  g ( t )  

i s  a c o n s t a n t ,  t h e  equat ions reduce t o  those  of the s t a t i c  

E i n s t e i n  universe .  

cne appears  j u s t i f i e d  i n  t a k i n g  t h e  Qo9 For t h e  d e n s i t y  

averaged ou t  dens i ty  of energy, corresponding t o  g a l a x i e s ,  

i n t e r g a l a c t i c  mat te r  and i n t e r g a l a c t i c  r a d i a t i o n .  For t h e  

p re s su re  of t h e  f l u i d  it would appear reasonable  t o  take t h e  

sum of p a r t i a l  p r e s s u r e s  corresponding t o  t h e  motions of g a l a x i e s ,  

t h e  random motions of d u s t  o r  o t h e r  mat te r  i n  i n t e r g a l a c t i c  

space,  and t h e  d e n s i t y  of i n t e r g a l a c t i c  r a d i a t i o n .  

For t h e  g a l a x i e s  t h e  p re s su re  corresponding t o  t h e i r  

random motions would be two-thirds  of t h e i r  k i n e t i c  energy per  

u n i t  volume 

from ord inary  k i n e t i c  theory.  For d u s t  p a r t i c l e s  t h e  p re s su re  

v a r i e s  from two-thirds  t h e  d e n s i t y  of t h e  k i n e t i c  energy f o r  
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n o n r e l a t i v i s t i c  p a r t i c l e s  t o  one-third f o r  h ighly  r e l a t i v i s t i c  

p a r t i c l e s .  For r a d i a t i o n  t h e  p re s su re  is gene ra l ly  one-third 

t h e  energy dens i ty .  

For g a l a x i e s  and o the r  slowly moving p a r t i c l e s  t h e  k i n e t i c  

energy d e n s i t y  w i l l  be n e g l i g i b l e  compared t o  t h e  energy dens i ty  

corresponding t o  t h e  mass of t h e  p a r t i c l e s .  Hence t h e  t o t a l  

energy d e n s i t y  i s  

3Po + qrn = Q.0 

corresponds t o  t h e  mass of t h e  g a l a x i e s  and any 
where Q.I 
i n t e r g a l a c t i c  ma t t e r  p re sen t .  This is  an approximate r e l a t i o n  

which becomes exac t  a s  t h e  p re s su re  due t o  mat te r  can be neglec ted .  

Combining E q s .  (4) and (5) 

C.  Nonconservation of enerqy. 
3 

Define Tp a s  t h e  energy momentum d e n s i t y  t e n s o r  
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Then 

when t h e  C h r i s t o f f e l  symbols vanish  ( i . e . ,  i n  f l a t  space) 

For t h e  case  

is u n i t y .  S u b s t i t u t i n g  the m e t r i c  c o e f f i @ i e n t s  g44 s i n c e  

f o r  a l i n e  element i n  s p h e r i c a l  p o l a r  coord ina tes  we  g e t  

Note t h a t  t h e  proper  volume measured by a l o c a l  observer  is  

Thus 
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This equat ion  relates tk energy of any element of t h e  f l u i d  t o  

the  work done i n  a d i a b a t i c  changes of volume. 

It  i s  obvious from Eq. (6)  t h a t  t h e  volume of an element of 

the f l u i d  is inc reas ing  wi th  t h e  t i m e  if g ( t )  i s  inc reas ing  

w i t h  t ,  and decreas ing  when g ( t )  is decreasing.  Also, if the 

p res su re  P i s  a p o s i t i v e  quan t i ty  g r e a t e r  than  ze ro  the proper  

energy of every element of f l u i d  would be decreas ing  when g ( t )  

is  i n c r e a s i n g ,  and inc reas ing  when g ( t )  is  decreasing.  Thus 

u n l e s s  the p r e s s u r e  i s  ze ro ,  the t o t a l  proper  energy of the 

f l u i d  w i l l  no t  be a cons t an t .  The p r i n c i p l e  of energy conserva- 

t i o n  can be maintained only by in t roducing  a q u a n t i t y  t o  r e p r e s e n t  

t h e  p o t e n t i a l  energy of the g r a v i t a t i o n a l  f i e l d .  

For convenience Eq. ( 7 )  can be w r i t t e n  

0 

D. Non-conservation of mass. 

Reca l l  the  approximate expression previous ly  der ived  f o r  

t he  energy dens i ty  which corresponds t o  t h e  mass of g a l a x i e s  

and i n t e r g a l a c t i c  ma t t e r  
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Using t h i s  equat ion,  l e t  us i n v e s t i g a t e  t h e  temporal dependence 

of mat te r .  From Eq. (7)  

The t o t a l  proper  mass of t h e  galaxy is M = +,,&V. Then 

equat ion  (9)  becomes 

Since 6v is  given by Eq. (6) t h i s  s i m p l i f i e s  t o  

For t h e  s p e c i a l  case  i n  which the p res su re  is permanently 

equal  t o  ze ro ,  the mass w i l l  be conserved. The m a s s  w i l l  a l s o  

be conserved f o r  t h e  s p e c i a l  case where 

This would be t h e  c a s e  of a model con ta in ing  a c o n s t a n t  amount 

of m a t t e r  e x e r t i n g  n e g l i g i b l e  p r e s s u r e  and where r a d i a t i o n  

e x e r t s  a p re s su re  p,= pr/3 . 
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However, one could exp la in  any change of mass a s  simply 

the  t ransformat ion  of mat te r  i n t o  energy, i . e . ,  t h e  mutual 

a n n i h i l a t i o n  of e l e c t r o n s  and pro tons  i n t o  r a d i a t i o n .  

E. Behavior of p a r t i c l e s .  

What i s  t h e  behavior  of free p a r t i c l e s  i n  our non- s t a t i c  

model? Because of t h e  p r i n c i p l e s  of r e l a t i v i s t i c  mechanics, 

t h e  motion of free p a r t i c l e s  w i l l  be determined by the eqyat ions  

f o r  a geodesic  

where t h e  l i n e  element i s  

Consider f i rs t  t h e  case  of a p a r t i c l e  i n i t i a l l y  a t  r e s t  

w i th  r e s p e c t  t o  t h e  s p a t i a l  coo rd ina te s  Y , 8 , +  , i . e . ,  

The equat ions  f o r  a geodesic  then  become 
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6 
As previous ly  shown, a l l  va lues  of vq4 a r e  0 . Hence 

a l l  a c c e l e r a t i o n s  f o r  t h i s  p a r t i c l e  a r e  0 . 

This p a r t i c l e  w i l l  t hus  remain s t a t i o n a r y  for a l l  t i m e .  T h i s  

r e s u l t  is  hard ly  unexpected cons ider ing  our choice of co-moving 

coord ina tes .  

In t roduce  now t h e  more gene ra l  c a s e  of p a r t i c l e s  having 

some a r b i t r a r y  i n i t i a l  v e l o c i t y .  It w i l l  be convenient  t o  

cons ider  f i r s t  the geodesic  equat ion  w i t h  r = 4 .  

S u b s t i t u t i n g  t h e  values  of r$ f o r  our p a r t i c u l a r  l i n e  

element one o b t a i n s  

where 

T h i s  can  be r e w r i t t e n  a s  
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or  

+ 
2 dt 

0 

This can be e a s i l y  i n t e g r a t e d  t o  g ive  

where A i s  a cons t an t  of i n t e g r a t i o n .  

T h e  l i n e  element can be w r i t t e n  i n  t h e  following form 
1 

where u is t h e  v e l o c i t y  of t h e  p a r t i c l e  a s  seen by an observer 

a t  rest  w i t h  r e s p e c t  t o  r , 8 ,  Q and who uses  h i s  own de te r -  

minat ions of increments i n  proper  t i m e  and proper  d i s t a n c e ,  

dt, = d-t 

S u b s t i t u t i n g  i n t o  t h e  above equat ions  
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Thus, if g ( t )  is inc reas ing  i n  t ime,  t h e  v e l o c i t i e s  of f r e e  

p a r t i c l e s  w i l l  be decreas ing  and v i c e  versa .  

By so lv ing  t h e s e  equat ions  the energy of free p a r t i c l e s  

can be d iscussed .  One g e t s  

Thus t h e  energy of free p a r t i c l e s  w i l l  decrease as 

increas ing .  

g ( t )  is 

F. Behavior of Light  Rays. 

The equat ions  f o r  a geodesic  would be a p p l i c a b l e  t o  t h e  

motion of l i g h t  r a y s  i n  t h e  c a s e  ds  = 0. For t h e  s p e c i a l  case 

i n  which t h e  ray  of l i g h t  moves only i n  t h e  r a d i a l  d i r e c t i o n  

Using methods i d e n t i c a l  t o  those  of t h e  preceding s e c t i o n  

one can show t h a t  i f  a l i g h t  ray moves i n i t i a l l y  i n  t h e  r a d i a l  
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d i r e c t i o n  it w i l l  permanently con t inue  i t s  motion i n  a r a d i a l  

d i r e c t i o n .  

I n t e g r a t e  over  the t i m e  i n t e r v a l  needed f o r  a r ay  t o  t r a v e l  

between t h e  o r i g i n  and some p o i n t  r 

To e v a l u a t e  the r i g h t  hand i n t e g r a l  l e t  u s  assume g ( t )  i s  

l i n e a r  i n  t 

c J =  zk-t 

The i n t e g r a l  becomes 

I n  t h e  c a s e  of a c l o s e d ,  always expanding model of t h e  u n i v e r s e  

t h i s  r e l a t i o n  l e a d s  t o  an i n t e r e s t i n g  r e s t r i c t i o n .  Assuming 

k t  t h e  l i n e a r  dependence of g ( t )  and a r e a l  r a d i u s  R = Roe 

one sees t h a t  l i g h t  can  always be r e c e i v e d  a t  t h e  o r i g i n  a t  any 
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f i n i t e  t i m e  t i f  a s u f f i c i e n t l y  e a r l y  s t a r t i n g  t i m e  is 
2 

chosen. However, l i g h t  which l eaves  t h e  o r i g i n  a t  w i l l  

r each  a maximum coord ina te  d i s t a n c e  

-kt, 

- - 0 3  . Depending on k and Ro t h e r e  exists a t2  
even a t  

s p e c i f i c  s t a r t i n g  t i m e  a f t e r  which l i g h t  cannot  t r a v e l  completely 

around t h e  model. An observer  could then ,  i n  p r i n c i p l e ,  o b t a i n  

information about s u f f i c i e n t l y  e a r l y  states of t h e  model, b u t  

even by wai t ing  an  i n f i n i t e  amount of t i m e  he could no t  r ece ive  

information on the i r  subsequent behavior .  

G. Doppler Ef fec t .  

L e t  u s  cons ider  t h e  observer  a s  f ixed  permanently a t  t h e  

o r i g i n  of our coord ina te  system. D i f f e r e n t i a t i n g  equat ion  (11) 

one g e t s  

connect ing t h e  " t i m e "  i n t e r v a l  6 t l  between t h e  depa r tu re  of 

two wave crests from t h e  source t o  t h e  i n t e r v a l  6 t between 

t h e i r  a r r i v a l  a t  t h e  o r i g i n ,  where g and g are the va lues  of 

2 

1 2 
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g ( t )  a t  t = tl and t = t2 r e s p e c t i v e l y .  Since S k  i s  

t h e  r a d i a l  "coord ina te  v e l o c i t y "  of t h e  source a t  t h e  t i m e  of 

emission w e  can w r i t e  

where Lkr is  the r a d i a l  component of t h e  v e l o c i t y  of the source  

a s  measured by our observer  a t  r e s t .  This g ives  

The proper  t i m e  i n t e r v a l  bty between t h e  emission of these  

wave crests a s  measured by an observer  moving wi th  t h e  source 

is  r e l a t e d  t o  S t  by 
1 7 

This can  be r e w i r t t e n  a s  

For t h e  observer  a t  res t  the proper  t i m e  between t h e  r ecep t ion  

of the wave crests i s  
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Equat ing t h e  r a t i o  of pe r iods  of t h e  emi t ted  and rece ived  l i g h t  

t o  t h e  r a t i o  of t h e  corresponding wave l eng ths  one g e t s  

Consider only t h e  t e r m  connected t o  t h e  gene ra l  expansion 

of t h e  model 

in t roducing  the r a d i u s  

then  

A 

where R1 

R is t h e  r a d i u s  when t h e  l i g h t  a r r i v e s  a t  t h e  o r i g i n .  The 

red s h i f t  i s  thus  c l o s e l y  c o r r e l a t e d  w i t h  t h e  gene ra l  expansion 

i s  the r a d i u s  of t h e  model a t  t i m e  of  emission and 

2 

of t h e  model. 

This dependence can  be c l a r i f i e d  by in t roducing  the t o t a l  

proper  d i s t a n c e  from observer  t o  source.  
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Y 

a s  determined a t  t i m e s  tl and t2. Then 

where tL- 1, i s  the  inc rease  i n  proper  d i s t a n c e  from the 

source t o  t h e  observer  t h a t  occurs  during the t i m e  it t akes  

l i g h t  t o  t r a v e l  from one t o  t h e  o t h e r .  I n  a f irst  approximation 

t h e  t i m e  of t r a v e l  equals  t h e  proper  d i s t a n c e  

where u i s  approximately t h e  v e l o c i t y  of recess ion .  Because 

of t h e  homogeneity of t h e  mode1,observers a t  rest w o u l d  see 

s i m i l a r  r e d  sh i f t s  i n  o the r  p o r t i o n s  of t h e  world; there can 

be nothing unique about  our i n i t i a l  coord ina te .  

H. Chanqe of Dopp,ler E f f e c t  w i th  d i s t a n c e .  

How does the Doppler E f f e c t  change a s  w e  go t o  more 

d i s t a n t  g a l a x i e s ?  D i f f e r e n t i a t e  t h e  previous express ion  
+(Sa- 9,) 

w i t h  r e s p e c t  t o  r ,  t h e  d i s t a n c e  t o  - \  Sh  ---=e 
h 



LLZO 

- 27 - 

the source.  Note t h a t  g2 i s  a cons t an t  s i n c e  t h i s  is the 

value of g ( t )  a t  t h e  o r i g i n  when the l i g h t  i s  rece ived .  On t h e  

i s  a v a r i a b l e  s i n c e  we are i n t e r e s t e d  i n  going 41 o t h e r  hand 

t o  g r e a t e r  d i s t a n c e s  r where t h e  l i g h t  must  be emi t ted  a t  an 

e a r  li er t i m e  i n  order  t o  reach  t h e  o r i g i n  a t  t2 . Thus 

where d t  is t h e  change i n  t h e  time of emission which cor re-  

sponds t o  a change dr .  From our expression f o r  t h e  l i n e  element 

and 

As long a s  r << R and t h e  change i n  is  small t h e  de- 

r i v a t i v e  i s  approximately a cons tan t .  Hence f o r  "reasonably 

smal l"  r we have 

0 

(Hubble I s  c o n s t a n t )  
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At large distances the relationship is no longer linear. This 

non-linearity offers some possibility of distinguishing between 

various models. 

By choosing the following line element 

-+ y2&2 $. 
ds2 = - e 

Y - the derivative becomes \ + '2/4R" where Y =  

I. Closed Models. 

Consider a closed modelwith a real radius R and 
0 

and pressure P can only be zero %Q 0 
assume the density 

or positive. From equations (5) and (8) one can write 

4g (t) and one recalls R = R e 
0 
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The f i r s t  equa t ion  then  becomes 

which becomes 

and 

Thus yo0 R3 and 

R i n c r e a s e s .  The  

can only decrease o r  remain c.onstant as 
e o 0  

d e n s i t y  of t h e  f l u i d  w i l l  go t o  ze ro  i f  the 

r a d i u s  goes t o  i n f i n i t y  so a l l  ever-expanding models w i l l  

f i n a l l y  have the p r o p e r t i e s  of the de S i t t e r  model: (+= Q = 0 
+g (t) S u b s t i t u t e  the exponent ia l  dependence of R ( R  = R e 

0 

i n t o  Eq. (13) 

t hen  
r- 

’12 

dR 
dt 

8 h Qoo R= +--q A R2 - = .I 
3 3 

’12 

dR 
dt 

8 h Qoo R= +--q A R2 
3 3 

- = .\ 
4 
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Since the rate of change of the radius of our model mcst 

be real, the quantity inside the bracket must be positive or 

zero. If we consider any given value of the cosmological 

constant A this leads to a restriction on the radius: 

Let us define a quantity Q(R) 

and investigate its behavior. The extrema of Q(R) are found 

by differentiating 

d-Q - - -  S-dp,, 6 - b  
R3 dQ dR 

- I  
= o  

Using equation (14) this becomes 

I 

Substituting the definifion of Q(R) into this expression one 
i s  

9 

? P )  

b I 
- b  
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f i n d s  

T h i s  is  an equat ion  fo r  t h e  value of Q(R)  a t  an extrema or  

p o i n t  of i n f l e c t i o n .  The second d e r i v a t i v e  becomes 

Using equat ions  (16) and (17) 

Hence 

* a maximum 

a p o i n t  of i n f l e c t i o n  

e a minima 
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Unless we  assume t h e  p re s su re  of t h e  f l u i d  can be inc reas ing  

a s  themodel expands, t h e r e  can be no minima or  p o i n t s  of 

i n f l e c t i o n .  W e  must have a curve w i t h  one maximum and no 

:minima. 

Q 

n 

; 

- 
R 

The gene ra l  f e a t u r e s  of t h e  curve can be , e a s i l y  explained.  

( R3) can only decrease  f i  9.0  From Eq. (14) it is apparent  t h a t  

or remain cons t an t  a s  R i nc reases .  From Eq. (17)  one sees 

t h a t  Q rises asymptotkcal ly  from minus i n f i n i t y  a t  R = 0 

if w e  exclude the c a s e  of a completely empty (Too = 0)  model. 

4 
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Q w i l l  cont inue t o  inc rease  a s  R i n c r e a s e s  a t  l e a s t  u n t i l  Q > 0 

s i n c e  Eq. (18) r e q u i r e s  Q be p o s i t i v e  a t  an extrema or  p o i n t  of 

i n f l e c t i o n .  If R cont inues  t o  i n c r e a s e ,  Q must e x h i b i t  a 

maxima. F i n a l l y  a s  R becomes very l a r g e ,  Q must approach 

zero  asymptot ica l ly .  

L e t  us  now d i s c u s s  what models of t h e  universe  a r e  p o s s i b l e  

s u b j e c t  t o  t h e  preceding r e s t r i c t i o n s  on Q.  

a )  Monotonic universe  of type M f o r  > A, ~ 1 

Denote the maximum value  of Q by A,. For 

t h e  = cons t .  l i n e  makes no i n t e r s e c t i o n s  w i t h  the c r i t i c a l  

curve so the model i s  t h a t  of an ever-expanding type which a t  

some s i n g u l a r  s t a t e  R,& 0 and proceeds t o  the f i n a l  s t a t e  

of an empty de S i t t e r  un ive r se  a s  R - o ~ .  T h i s  is a monotonic 

un ive r se  of the f irst  type ,  Ml. As a model f o r  the phys ica l  

un ive r se  it has the disadvantage of spending an i n f i n i t e s i m a l  

p o r t i o n  of i t s  ex i s t ence  i n  a cond i t ion  which d i f f e r s  from a 

completely empty de S i t t e r  universe .  Since our observa t ions  

of the universe  presumably g ive  us a good idea of t h e  cond i t ions  

t h a t  would be found anywhere a t  any t i m e ,  t h i s  model can be 

r u l e d  out .  

b) Asymptotic un iverses  wi th  A = A E .  

From Eq. (18) we have 
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a t  t h e  maximum p o i n t  of Q, where PE and RE a r e  t h e  

p re s su re  and t h e  r a d i u s  a t  t h a t  p o i n t .  I f  we cons ider  a s t a t i c  

un iverse  Y$=o ) a t  t h i s  r a d i u s  

cons t an t  A, 

and cosmological  
RE 

These a r e  t h e  equat ions  f o r  p re s su re  and d e n s i t y  of a s t a t i c  

E i n s t e i n  un iverse .  Therefore  a s t a t  c E i n s t e i n  universe  could *, 

e x i s t  w i t h  a r a d i u s  corresponding t o  t h e  maximum value of Q. 

W i t h  A=Ae two types  of behavior  a r e  p o s s i b l e .  The 

f i r s t  type  begins  from a s i n g u l a r  s t a t e  R 4 RE and asymptoti-  
S 

c a l l y  approaches the  s t a t i c  E i n s t e i n  universe  a t  R = R where ' E 
d' R 
dta 

d.' and - bo th  dt 
t han  t h e  s i n g u l a r  s t a t e  

r a d i i  down t o  R = Rs. 

would become zero .  A t  t imes e a r l i e r  

t h i s  model would c o n t r a c t  from l a r g e r  

This model is  an asymptot ic  un iverse  

of t h e  f irst  type ,  A . 
1 

The remaining type of behavior  f o r  //=RE i s  given by 

a model which can be regarded a s  having asymptot ica l ly  s t a r t e d  

a t  an i n f i n i t e  t i m e  RE from a s t a t i c  E i n s t e i n  universe  wi th  R = 

* i n  t h e  p a s t  and expanded monotonical ly  i n t o  an empty de S i t t e r  
4 
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A2 - universe .  This i s  an  asymptot ic  model of t h e  second type ,  

9 ASYMPTOTIC MODELS 

A s  models of  the phys ica l  un iverse  bo th  of t h e s e  types  

have the  same disadvantage as type  M they spend only a smal l  

f r a c t i o n  of t h e i r  ex i s t ence  i n  cond i t ions  which approximate our 

1; 

observa t ions  of t h e  universe .  Type A2 has the i n t e r e s t i n g  

f e a t u r e  of o r i g i n a t i n g  from a non-singular  s t a t e  of f i n i t e  

+olume a t  an i n f i n i t e ” ’ t i m e  i n  t h e  p a s t .  

c )  Monotonic Universes  of type M and o s c i l l a t i n g  un ive r ses  
2 

of types  O1 and Q2 f o r  0 A LAE: 

For A between 0 and A, two types  of behavior  a r e  

poss ib l e .  One type of behavior  concerns those  models t h a t  

expand cont inuously i n t o  t h e  f u t u r e  from a p o i n t  on the c r i t i c a l  

. This model begins  a t  a f i n i t e  r a d i u s  and 
R1’ ‘E curve a t  
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' expands monotonical ly  t o  an empty de S i t t e r  universe .  It is  
, a  

M2 * 
designated a s  a monotonic universe  of t h e  second type ,  

The main disadvantage of t h i s  model i s  the same a s  modelM 

it spends all b u t  an i n f i n i t e s i m a l  p o r t i o n  of i t s  ex i s t ence  

1; 

i n  a s t a t e  u n l i k e  t h a t  which w e  observe.  
i 

T h e  second type  of behavior  is  cha rac t e r i zed  by models 

.which expand from a s i n g u l a r  s t a t e  a t  R s < R E  t o  a maximum 

rad ius  given by t h e  i n t e r s e c t i o n  of t h e  I\ = cons t .  curve 

w i t h  t h e  c r i t i c a l  curve.  Once t h e  model reaches t h e  maximum 
1 .  

! A  

r ad ius  it w i l l  begin t p  c o n t r a c t  back t o  the s i n g u l a r  s t a t e  from 

which expansion w i l l  begin again.  T h i s  i s  an o s c i l l a t i n g  universe  
I 

of the  f i r s t  k ind ,  O1 . I '  It has the advantage of spending i t s  

e n t i r e  l i f e  i n  a conditi 'on where t h e r e  i s  a f i n i t e  d e n s i t y  of 
2 

mat te r .  However , it f has a disadvantage s i n c e  t h e  s i n g u l a r  s t a t e  
* 

a t  the lower l i m i t  of c o n t r a c t i o n  is  no?, described by the  p r e s e n t  

equat ions .  

I f  t h e r e  e x i s t  condi t ions  i n  t h e  universe  which permit  t h e  

p re s su re  t o  i n c r e a s e  as* t h e  universe  expands t h e  c r i t i c a l  curve  

can have a minima. Such a minima g ives  r i se  t o  an i n t e r e s t i n g  

type of behavior .  If A assumes a value between t h i s  minima 

and a secondary maxima 'o f  Q ,  

a t r u e  minimum and a maximum 

t h i s  givesvCse t o  a s t r i c t l y  

t h e r e  can be an o s c i l l a t i o n  between 

r a d i u s .  For r e v e r s i b l e  behavior  

p e r i o d i c  behavior  wi thout  s i n g u l a r  
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states. This model is an oscillating universe of the second 

kind, 0 2 -  

This model qppears to have substantial advantages over 

previous examples. However, the assumption that pressure can 

increase as the universe expands seriously limits the usefulness 

of this model. 

OSCILLATING MODELS 

Q 

A -  
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d)  O s c i l l a t i n g  un ive r se  of type  O1 for  A4 o 

F i n a l l y  the c a s e  for  A 4 0 must be d i scussed .  It  i s  

obvious t h a t  the only behavior  p o s s i b l e  would be an o s c i l l a t i o n  

of t h e  type  

and t h e  maximum r a d i u s .  This would have the same advantages and 

O1 between a s i n g u l a r  s t a t e  a t  t h e  l o w e r  l i m i t  

d i sadvantages  p rev ious ly  mentioned. 

This  model r e p r e s e n t s  a very important  c a s e ,  t h a t  of A= 0. 

A t  the  p r e s e n t  t i m e  there e x i s t s  no evidence t h a t  A# 0 . 

1 '  

The cosmological  c o n s t a n t  w a s  o r i g i n a l l y  p o s t u l a t e d  t o  

I f ,  ' indeed ,  A= 0 a c losed  u n i v e r s e  could only be type  0 

o b t a i n  a un ive r se  w i t h  a f i n i t e  d e n s i t y  of matter i n  the s t a t i c  

s i t u a t i o n .  I n  view of  the n o n - s t a t i c  models t h i s  assumption 

is  no longer  necessary .  Such a cosmological c o n s t a n t  must be 

"reasonably s m a l l "  or  i t s  effect  would be n o t i c e a b l e  i n  p l a n e t a r y  

motions. 

J. Open Models. 

It i s  a l s o  p o s s i b l e  t ha t  the un ive r se  is  i n f i n i t e  i n  

e x t e n t  w i t h  R e i t h e r  imaginary o r  i n f i n i t e .  I n  t h i s  case 
0 

the p o s s i b l e  types  of behavior  are q u i t e  r e s t r i c t e d .  

Consider Eqs .  (Z2 )  and 113) 

I 

E 
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, $ 1  

For an open model of t h e  un ive r se  t h e  r a d i u s ,  e i t h e r  

imaginary g r  i v f i n i t e ,  is a q u a n t i t y  o< l i rnt ted use fu lness ,  

so t h e r e  i s  no adwantage of in t roducing  it. .Re-express Eq. (12)  

a s  : 

% 
whgih show t h q t  c+ G? and 9po can only decrease o r  

remain corlstant a s  g i n c r e a s e s ,  i f  w e  aga in  assume t h a t  the 

prgssura  i n  t h e  model d o e s n ’ t  i nc rease  as t h e  model expands. 

Eq.  (13) can be w r i t t e n :  
n 

By OUT assumptions R is either imaginary o r  i n f i n i t e  so 

t h i s  equat ion  can be reeexpressed:  

0 
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P 1 I/.. 

‘3 - . “J 

where A i s  r e a l  q u a n t i t y  t h a t  is ze ro  i f  R is i n f i n i t e .  

The q u a n t i t y  i n  t h e  b racke t  must be p o s i t i v e ’ * s b  

0’ 
a 1  

\ s  a necessary r e s t r i c t i o n  on g i f  t h e  behavior  of t h e  model 

i s  t o  be r e a l .  Also 

Ls t h e  cond i t ion  f o r  a r e v e r s a l  i n  t h e  d i r e k t i o n  of t h e  r a t e  

of change of g wi th  t . Define Q a s  
‘ / I  

Q i s  always nega t ive ,  asymptot ica l ly  approaqhing Q r= - ~0 as 

e ” goes t o  zero  $id Q = 0 a s  e ” goes #* to  i n f i n i t y  , without  
4 

any maxima, minim$, o r  p o i n t s  of i n f l e c t i o n . ’ ’  
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Q 

C l e a r l y ,  two t y p e s  of  behav io r  a r e  p o s s i b l e .  The f i r s t .  

t y p e  occurq f o r  0 and would c o n s i s t  of the mopotonic 

i n c r e a s e  of e '' from a s i n g u l a r  s t a t e  t o  i n f i n i t y .  Essen- 

t i a l l y  t h i s  is  an M1 type  y n i v e r s e  which ends i n  an empty 

de S i t t e r  y n i v e r s e ,  i n c l u d i n g  the p o s s i b i l i t y  of a Eucl idean  

Space w i t h  A = 0 . 

TIie second t y p e  of behav io r  occur s  f o r  A40 . I n  t h i s  

c a s e  

and r e t u r n ,  g i v i n g  r i se  t o  an o s c i l l a t i n g  u n i v e r s e  of t y p e  0 

e %5l would proceed from a s i n g u l a r  s t a t e  t o  a maximum 

1' 



NEWTONIAN COSMOLOGY 
A .  

The f i r s t  a t tempts  t o  understand cosmology on a r igo rous  

b a s i s  w e r e  made dur ing  the  n ine teen th  cen tu ry  wi th  t h e  

Newtonian theory .  'It is i r o n i c  t h a t  t hese  a t tempts  f a i l e d  

n o t  because of any f a u l t  of Newtonian theory  b u t  because of 

t h e  assumption of a s t a t i c  un ive r se .  Following t h i s  f a i l u r e  

i n t e r e s t  i n  cosmology decreased .  N o t  u n t i l  E i n s t e i n  began 

exp lo r ing  t h e  cosmological  consequences of genera l  r e l a t i v i t y  

i n  1916 d id  i n t e r e s t  awaken. Then fol1owed.a 1 5  y e a r  per iod  

i n  which E i n s t e i n ' s  r e l a t j - v i s t i c  cosmology was consol ida ted  

and extended. N o t  u n t i l  1934 did Milne and McCrea a t t a c k  

i 

3 :  

the  Newtonian problem. They showed t h a t  i n  many ways Newtonian 

cosmology was ve ry  s i m i l a r  t o  r e l a t i v i s t i c  cosmology. The 

Newtonian formulat ion of cosmology i s  very '  u s e f u l  because it 

r e v e a l s  much of the e s s e n t i a l  f e a t u r e s  of f e l a t i v i s t i c  

cosmology wi thout  the mathematical  d i f f i c u l t i e s .  

Newtonian theo ry  i s  f u l l y  accepted a s  i s  the cosmological  
A 

p r i n c i p l e .  

geneous. There i s  a uniform even-flowing Newtonian t i m e  and 

Thus o u r  "universe"  is  both i so , t rop ic  and homo- 

so the r e l a t i v i s t i c  problem of clock synchronizat ion does n o t  

a r i s e .  

Consider an  observer  0. He observes  $he motion of a , 
--L p a r t i c l e  r e l a t i v e  t o  him a s  a func t ion  of ti r and t : v(?,  t ) .  

t ,  
3 '  

* f  t 

. 1 ,  
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The d e n s i t y  and p res su re  a r e :  e ( ? , t ) ,  P ( 3 ,  t) 

a ,  secynd observer  0 '  will see t h e  p a r t i c l e  move wi th  

A 
v e l o c i t y  V i  (?tt). He sees a d e n s i t y  Q(l?:k) and pressure  

PO(l t) . Sjnce  d e n s i t y  and p res su re  a r e  def ined  independent ly  

of 0 o b s e w e r  t h e r e  i s  no need f o r  a prime on t h e s e  q u a n t i t i e s .  

The cosmological p r i n c i p l e  now demands t h a t  

qhould be the  same func t ions  of 

of r ,  t. Otherwise the  two observers  wou1d:have d i f f e r e n t  

p i c t u r e s  of what i s  going on. 

9 : ~  and P 

I" and t as i j , ,  , P a r e  

-L 

j4sgume now t = 0 fo r  s i m p l i c i t y  qnd t h a t  t h e  v e c t o r  

+' 0 0 '  i s  3 . Then = ?  - 3 and 

By the cosmological p r i n c i p l e  

i t s  argument a s  V. Thus 

d' i s  the  same func t ion  of 

A 

.+ From t h i s  w e  see t h a t  V i s  a l i n e a r  v e c t o r  func t ion  of i t s  

argument SQ 

A v = A $  where A is independent of  r . 
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The 

t h a t  the 

Hence 

The 

assumptions of i s o t r o p y  and h o d g e n e i t y  i n s u r e  

d e n s i t y  and p res su re  a r e  independent of p o s i t i o n .  

.A v = f ( t ) F  

Q = Q ( t )  
r', 

P = P ( t )  

v e l o c i t y  can be i n t e g r a t e d  t o  g i v e  

r = R ( t )  To 

where R (  t) sa tisf ies  

dR = f ( t )  R ( t o )  = 1 R d t  

and r" is  t h e  p o s i t i o n  v e c t o r  of the p a r t i c l e  a t  t i m e  t . 
From t h i s  w e  see t h a t  t h e  on ly  motions compatible  w i t h  homo- 

0 0 

g e n e i t y  and i s o t r o p y  a r e  uniform expansion and c o n t r a c t i o n  

w i t h  a t i m e  dependent s c a l e  f a c t o r .  

Combining the equa t ion  of c o n t i n u i t y  w.ith t h e  prev ious  

equa t ions  

0 = '3 + drv ( ~ 9 )  - - bn'+ 3 y( t )  f ( t )  

I 
'a* at 

I n t e g r a t i n g  t h i s  and us ing  t h e  d e f i n i t i o n  of R ( t ) :  

/ I  
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T h i s  equat ion  i s  the obvious cond i t ion  t h a t  if the un ive r se  

is s c a l e d  up by a factor  of R a l l  volumes a r e  increased  by 

3 
R and t h e  d e n s i t y  i s  correspondingly lowered. 

L e t  u s  consider ou r  space  a s  a f l u i d .  E u l e r ' s  equat ions  

of hydrodynamics can  be app l i ed :  

-L 
where F i s  the body force p e r  u n i t  mass ( g r a v i t a t i o n ) .  

T h e  eva lua t ion  of t h e  g r a v i t a t i o n a l  force i n  an  i n f i n i t e  

system i s  c l e a r J y  r q t h g r  ambiguous. 

use  P o i s s o n ' s  Eqn. 

I n  t h i s  model w e  s h a l l  

drv =i - 4a'dp 

Take the divergence of E u l e r ' s  equat ions  - 

3(g + f2) = - 4 n q  

T h i s  r e s u l t  could  a l s o  have been der ived  by assuming t h a t  

t h e  e f f e c t i v e  g r a v i t a t i o n a l  Eorce on a p a r t i c l e  viewed from 

0 is due e n t i r e l y  t o  the sphere  of m a t t e r  w i t h  c e n t e r  a t  0 

and i t s  su r face  pass ing  through t h e  p a r t i c l e .  
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F = - S v p ?  
3 

Using the d e f i n i t i o n  of  R ( t ) ,  t h e  equat ion  for P( t )  
and s u b s t i t u t i n g  i n  equat ion  (1) w e  g e t :  

From t h i s  equat  

2 

d t  

R2 d R 
2 
- 

on it obvious t h a t  a s t a t , c  un iverse  ( R = l  

i s  impossible  excep t  when t h e  d e n s i t y  vanishes .  I t  i s  here 

t h a t  n i n e t e e n t h  cen tu ry  cosmology f loundered.  Various 

proposa ls  a t tempted t o  overcome t h i s  d i f f i c u l t y  by p o s t u l a t i n g  

ad hoc changes i n  t h e  law of g r a v i t a t i o n .  Due t o  t h i s  

a r b i t r a r i n e s s  t h e s e  changes found l i t t l e  favor .  

I n  g e n e r a l  r e l a t i v i t y  an equat ion  e x a c t l y  anaiogous t o  

( 2 )  occurs  where the  a l t e r a t i o n  of t h e  law of g r a v i t y  i s  n o t  

a r b i t r a r y .  The Newtonian analogue of the r e l a t i v i s t i c  pro- 

cedure i s  w e l l  de f ined  and c o n s i s t s  of in t roduc ing  i n t o  the 

d e f i n i t i o n  of ii) a term p r o p o r t i o n a l  t o  the d i s t a n c e  and 

independent of t h e  d e n s i t y .  Thus F becomes 

-2 where A , t h e  cosmological c o n s t a n t ,  has  dimensions ( t i m e )  

and the f a c t o r  1/3 i s  in t roduced  fo r  l a t e r  convenience. 
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Equation ( 2 )  now becomes 

R~~~ + 4rr T y t ( t o )  - + R  1 3 = o 
2 

d t  
-2 ( 3 )  

The cosmological  c o n s t a n t  was f i rs t  in t roduced  t o  o b t a i n  
i 

a s t a t i c  model of the universe .  However, the s o l u t i o n s  of; 

Eq.  ( 3 )  f o r  va r ious  va lues  of A have a t t r a c t e d  much i n t e r e s t ,  

The i n t e g r a t e d  form of Eq. ( 3 )  

i s  i d e n t i c a l  i n  form t o  the r e l a t i v i s t i c  equat ion .  k i s  a 

c o n s t a n t  of i n t e g r a t i o n  which has  dimensions ( t i m e )  and 

3C = 8 d 9 (  to) . 

-2 

Equat ian (4) can be i n t e g r a t e d  i n  terms o f  e l l i p t i c  

func$ions buk it i s  more i l l u s t r a t i v e  t o  look a t  s p e c i g i c  

cases .  The d i r e c t i o n  of t i m e  w i l l  be chosen t o  l e a d  to an  

expanding universe .  The t i m e  o r i g i n  i s  a r b i t r a r y  and w i l l  

be chosen f o r  convenience. The  parameters  A and k a r e  a l s o  

a r b i t r a r y  b u t  C must be p o s i t i v e  s i n c e  w e  a r e  d e a l i n g  only  

w i t h  p o s i t i v e  mass d e n s i t i e s .  
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241 

Case I: \(<a 

i) A > o  
H e r e  G ( R )  i s  a p o s i t i v e  func-ion I 

dR must be dt 

f R s i n c e  

r e a l  and 6)’ p o s i t i v e .  The minimum occurs  a t  

F o r  sma l l  t w e  assume t h a t  R i s  a l s o  smal l .  Hence 

1 2  
3 terms i n  k and -AR can be neglec ted  compared t o  C/R . 

As R + R  the’ r a t e  of expansion S L O W S  down and 
m 1 

approaches a cons t an t  va lue  
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For  l a r g e  t R i s  l a r g e  so terms C/R and -k can be 

neglec ted  . 

G(r) i s  a p o s i t i v e  dec reas ing  func t ion  of R. 

For  s m a l l  t w e  aga in  c o n s i d e r  on ly  t h e  term C/R . Hence 

The r a t e  of expansion slows down cont inuous ly .  For l a r g e  t 
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- 
I t 

iii) A < 0 

G ( r )  i s  a dec reas ing  func t ion  of R, p o s i t i v e  i n  

0 4 R < R and nega t ive  f o r  R > R , where R bs t h e  r o o t  

of a cubic  equat ion  

C C C 

3c R + - = O  3 3k 
R - -  

A n 

R is ,  of course ,  the  r e a l  roo t .  The expansion begins  a s  
C 

d R  be fo re  b u t  s l o w s  down a s  R-+R where - = 0. For  t > t  
C d t  C 

the system c o n t r a c t s  and runs  through i t s  previous phases 

u n t i l  R = 0 . Then the c y c l e  begins  aga in .  Th i s  un ive r se  

i s  an o s c i l l a t i n g  universe .  
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... 

R 

Case 2 :  k = 0 

i) & b o  

G ( R )  is  p o s i t i v e  w i t h  a minimum a t  R = (3c Y A  ras m 

i n  c a s e  1 ( i) .  T h i s  c a s e  is  s i m i l a r  t o  t h a t  one e x c e p t  t h a t  

w e  can  o b t a i n  a n  e x a c t  s o l u t i o n .  

1 2  
+ ~ R R  

f 

S i n c e  w e  e x p e c t  t h i s  s o l u t i o n  w i l l  g i v e  a n  i n f i n i t e  

expansion choose the  fo l lowing  type  of s o l u t i o n  

3 
R = A ( c O S h  B t  - 1) 

dR = AB s i n h  B t  3R at 
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4 
9R4 9 R  

B2 2 2 
2A B 

9 R  

- - -  + - R  
9 

Hence 

B 2 1  - _  - - A  9 3  

F i n a l l y  

A 
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ii) )\= o 
T h i s  i s  a t r i v i a l  example 

R =  (; c t y 3  

iii) < Q 

This  c a s e  is  q l m o s t  i d e n t i c a l  t o  c a s e  I ( i i i ) .  H e r e  

t h e  e x p l i c i t  s o l u t i o n  i s  de termined  i n  t h e  same manner a s  

c a s e  I I ( i ) .  o n e  g e t s  

. /  a 

3c R3 = - E - cos (-3A) 
2(--N 
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Case 3 :  \C>O 
This  case  e x h i b i t s  much more v a r i e t y  than t h e  previous 

cases .  S ince  k > O  G ( R )  could be nega t ive  f o r  a p p r o p r i a t e  

va lues  of k ,  A , ,jrid C .  As i n  the  previous c a s e s  G(R) 

has a minimum a s  . For what va lues  of  k ,  A , 
rti 

and C is  t h e  minumum of G ( R )  equa l  t o  0 ? 

3C 9 3  3 3 4k3 
2 - =  2h 4 . 2  - " - c /k  +Ac - -  9c 

R 
.. 
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G ( R )  i s  always p o s i t i v e  wi th  a minimum a t  

. T h i s  ca se  is  s i m i l a r  t o  c a s e s  l(i) and 2 ( i ) .  m 

G ( R )  i s  always p o s i t i v e  except  a t  t h e  minimum po in t  

This  g ives  rise t o  s e v e r a l  poss ib l e  s o l u t i o n s .  3c R = ~ j ; = R c .  

i i ( a )  There exis ts  a s t a t i c  s o l u t i o n  R = R . 
C 

i i ( b )  For  sma l l  t i m e s  R behaves a s  case  1 and case  2.  

2 "3 
R - ( , F )  

A s  u sua l  the expansion w i l l  s l o w  down a s  R i nc reases .  

However i n  t h i s  c a s e  when R = R the r a t e  of expansion i s  

0 and the universe  w i l l  become s t a t i c .  

C 
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i i ( c )  If R R o r i g i n a l l y  t h e  expansion w i l l  n o t  be 
C 

l i m i t e d .  A s  R g e t s  l a r g e  t h e  only  s i g n i f i c a n t  term w i l l  

1 
be 3 h R 2  so 

G ( R )  is p o s i t i v e  f o r  s u f f i c i e n t l y  l a r g e  o r  smal l  

va lues  of R. However t h e r e  e x i s t s  a range Rl<  R ( R 2  where 

G ( R )  i s  negat ive .  This  g i v e s  r ise  t o  two s o l u t i o n s .  
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iii a )  For t h i s  case  0 4 R < R 1  , the  s o l u t i o n  i s  

very  s i m i l a r  t o  cases  l(iii) and 2 ( i i i ) .  The maximum value  

t h e  expansion R1 of R i s  R1. As the  universe  approaches 

slows down, even tua l ly  r eve r s ing  i t s e l f .  This  is  an o s c i l l a t i n g  

universe .  

iii b) R 4 R. S ince  R is never  sma l l e r  t han  R one 2 2 
1 2  
3 

need cons ide r  on ly  the term i n  - A R  . Then 

I n i t i a l l y  R decreases  u n t i l  the  minimum rad ius  R is  reached. 

A f t e r  t h a t  t he  universe  expands. 

2 
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i v )  0% A 
G(R) dec reases  monotonically.  T h i s  c a s e  is  equiva- 

l e n t  t o  c a s e s  l(iii) and 2 ( i i i )  and g ives  an o s c i l l a t i n g  

universe .  

These examples cover  a l l  p o s s i b l e  c a s e s .  I t  i s  i l lumina-  

t i n g  t o  c l a s s i f y  them according t o  t h e  type  of universe  they  

l e a d  to .  

C las s  I. The s t a t i c ,  o r  E i n s t e i n  universe :  c a s e  3 ( i i  a ) .  

C la s s  11. Models which expand monotonically s t a r t i n g  

a t  a d e f i n i t e  t i m e  from a p o i n t  o r i g i n  R = 0: c a s e s  l(i) , 

l(ii),  2 ( i ) ,  2 ( i i ) ,  3 ( i ) .  

C la s s  111. The model which begins  from a f i n i t e  va lue  

of R a t  t = -00 w i t h  a g radua l ly  i n c r e a s i n g  expansion. T h i s  

i s  the Eddington-Lemaitre model: ca se  3 ( i i  c)  . 
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C l a s s  I V .  The model which s t a r t s  a t  a f i n i t e  t i m e  from 

a p o i n t  o r i g i n  R = 0 and expands more s lowly  a s  t i m e  

i n c r e a s e s .  R t ends  t o  a f i n i t e  l i m i t  a s  t-+oO: c a s e  3 ( i i  b ) .  

C l a s s  V. Models which o s c i l l a t e  between R = 0 and a 

f i n i t e  v a l u e  of R: c a s e s  l(iii),  2 ( i i i ) ,  3 ( i i i  a ) ,  3 ( i v ) .  

Class V I .  The model which c o n t r a c t s  from i n f i n i t e  R 

a t  t = -00 t o  a f i n i t e  minimum R and then  expands t o  i n f i n i t y :  

c a s e  3 (iii b) . 



OBSERVABLE QUANTITIES - A p r a c t i c a l  view 

The obse rva t iona l  q u a n t i t i e s  t h a t  a r e  a v a i l a b l e  t o  

d i s t i n t u i s h  between d i f f e r e n t  cosmolo'gical models a r e :  

1) apparent  magnitude of g a l a x i e s  

2) red s h i f t  

3)  Angular d iameters  of g a l a x i e s  and c l u s t e r s  of 

ga l ax ie s .  

4) galaxy counts  

D i f f e r e n t  cosmological  models p r e d i c t  d i f f e r e n t  r e l a t i o n s  

fo r  these q u a n t i t i e s .  I n  p r i n c i p l e ,  therefore, observa t ions  

should be a b l e  t o  determine the v a l i d i t y  of these models. 

Unfor tuna te ly ,  however, the  d i f f e r e n c e s  become s i g n i f i c a n t  

on ly  ove r  d i s t a n c e s  of the o r d e r  of . ' the  r ad ius  of cu rva tu re  

of t h e  universe .  

Also,  the l a r g e  v a r i e t y  of poss ib l e  models makes any 

f i n a l  dec i s ion  imposs ib le  because enough observable  parameters  

do n o t  e x i s t  i n  t h e  equat ions .  L e t  u s  res t r ic t  o u r  view then  

t o  those evolving models where the cosmological c o n s t a n t  i s  

zero .  This  reduces one parameter  and makes a unique dec i s ion  

between t h e  evolving models and the  s t eady  s t a t e  model 

t 
k 

poss ib l e  i n  p r i n c i p l e .  
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Adopt the f a m i l i a r  assumptions of i s o t r o p y  and homo- 

gene i ty .  The m o s t  genera l  express ion  f o r  a l i n e  element  i s  

given by 

2 d r  2 2  2 2  2 

1-kr 
ds  2 = c2 d t  - R 2 ( t )  du 2 = c2 d t  - R f t )  - + r (de + s i n  Qd+ 

2 

du r e p r e s e n t s  a three-space of cons t an t  Riemannian curva t u r e  

which i s  independent  o f  t i m e .  Two f a m i l i a r  examples a r e  

Car t e s i an  coord ina te s  and s p h e r i c a l  p o l a r  coord ina tes .  The 

func t ion  R ( t )  is  determined b y  in t roducing  t h i s  l i n e  element 

i n t o  the E i n s t e i n  f i e l d  equat ions  g iv ing  - 

- + -  k 2 C 2  + A c 2  
0 .  

k2 2R 8 q G p -  - - -  
2 

R 
2 

C 
R R2 

2 nc & - . Q =  8aG - -  kc + -  
2 3 2 3 R 

2 

R 

P P i s  the  i s o t r o p i c  pressure  of  m a t t e r  and r a d i a t i o n ,  

is t h e  d e n s i t y  of m a t t e r  and energy,  

c o n s t a n t  and R i s  the Riemann curva ture .  This  cu rva tu re  

can be e i the r  g r e a t e r  than ,  less than ,  o r  equa l  t o  z e r o  

depending on the parameter  k. 

A i s  t h e  cosmological 

2 

k = + 1 closed E l l i p t i c  

- - - 1  open Hyperbolic 

Z O  Euclidean 
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S u b t r a c t  Eq.  ( 2 )  from Eq. (l), cons ider ing  I \= 0. 

Eq. (1) and Eq. ( 2 )  hold f o r  a l l  t i m e .  Denote t h e  

p re sen t  va lues  by  a s u b s c r i p t  0 . Thewesen t  va lue  o f  t h e  

Hubble cons t an t  r e l a t e s  the v e l o c i t y  of recess ion  wi th  t h e  

d i s t ance .  
e 

0 

Define a d e c e l e r a t i o n  parameter  

Eq. (3) becomes: 

.. 

S u b s t i t u t i n g  the d e c e l e r a t i o n  parameter  9, 

N o t e  t h a t  c+ > 0 f o r  a l l  phys i ca l  systems. Assuming the 
0 
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6 presen t  va lue  of Hubble’s  c o n s t a n t  H = 75 kmjsec 10 pc 

w e  g e t  

0 

3 P b  ye t- - 
CZ 

-29 3 = 2.06 x 10 yo gm/cm 

I f  can be determined from red  s h i f t  measurements then  

3p0 i s  known. to + T- 2 

I f  the d e f i n i t i o n  of Hubble’s  cons t an t  is  s u b s t i t u t e d  

i n t o  E q . ( 2 )  w e  g e t  the  fo l lowing  r e s u l t  f o r  A =  0 . 

Combining t h i s  equat ion  wi th  Eq. (8)  

T h i s  equat ion  demonstrates  a major t e n e t  of genera l  r e l a -  

t i v i t y  - t h a t  the i n t r i n s i c  geometry of space ( k/R ) i s  

determined by  the energy con ten t  of  the universe  a s  observed 

i n  the t o t a l  d e n s i t y  and p res su re .  

2 
0 

L e t  u s  e s t i m a t e  the va lues  of d e n s i t y  and p res su re .  

aT2 The pressure  comes from a r a d i a t i o n  term 

due t o  t h e  random g a l a c t i c  motion ( V ) where V i s  the 

3 and a pressure  

2 
Po 
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random r a d i a l  v e l o c i t y  which is observed t o  be less than  

300 km/sec. The d e n s i t y  q, comes from t h e  m a t t e r  d e n s i t y  

and the m a t t e r  equ iva len t  of the  r a d i a t i o n  d e n s i t y  

where a is S t e f a n ' s  cons t an t .  

Thus 

A t  the p resen t  t i m e  the  observed m a t t e r  d e n s i t y  is about  

3 gm/cm . The r a d i a t i o n  temperature  of i n t e r g a l a c t i c  

space has  r e c e n t l y  been i d e n t i f i e d  by s e v e r a l  measurements 

fo r  3 K background 0 a T o 4  a s  about  3 K. The r a d i a t i o n  term - 
C Z  

r a d i a t i o n  i s  about  10 

0 

3 gm/cm . This  is  sma l l e r  than  the -33 

observed m a t t e r  d e n s i t y  by t w o  o rde r s  of magnitude. The 

random motion pressure  term -+- i s  s i m i l a r l y  n e g l i g i b l e  

compared w i t h  Torn . It appears  t h a t  a t  p re sen t  Po is 

approximately 0.  

Then E q .  (5)  and Eq .  (6 )  become 

-29 3 = 2.06 x 10 qo gm/cm 

i n  a d u s t  f i l l e d  universe  ( Q #  0 ,  P = 0 ) .  
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One observes  t h a t  Gel. T h i s  p r e d i c t s  a d e n s i t y  

approximately 100 t i m e s  the observed amount of ma t t e r .  I f  

the cosmological cons t an t  i s  zero, t h i s  may i n d i c a t e  t h e  

presence of l a r g e  amounts of nonluminous ma t t e r  i n  space.  

The l i m i t s  of 3. f o r  a d u s t  f i l l e d  universe  a r e :  

1/2 k = + 1 closed, e l l i p t i c a l  

9 . 0 =  1/2 k =  0 Eucl idean 

O g < 4 , < 1 / 2  k = - 1 open, hyperbol ic  

the l o w e r  l i m i t  f o r  exploding models i s  qrn = 0 f o r  k = -1. 

= 0 and the universe  i s  empty. 
e o  

I n  t h i s  case  

Look again  a t  E q .  ( 7 ) .  A s  w e  have seen i n  the  p re sen t  

epoch the universe  has  n e g l i g i b l e  p re s su re .  However, i f  the 

temperature  of t h e  universe  a t  some t i m e  i n  t h e  p a s t  w e r e  

s i g n i f i c a n t l y  h ighe r  t h e  p re s su re  term would dominate. I n  an 

a d i a b a t i c  expansion t h e  r a d i a t i o n  d e n s i t y  decreases  f a s t e r  

than the m a t t e r  d e n s i t y  Q . 
t h a t  T v a r i e s  a s  1 / R  whi le  v a r i e s  as l /R . The r a d i a t i o n  

term v a r i e s  a s  1 /R  

General  cons ide ra t ions  i n d i c a t e  

3 

4 
Q -  so f o r  smal l  R L4 is  l a r g e r  than 

CZ 

Thus i n  the  e a r l y  s t a g e s  of  an  exploding universe  the r a d i a t i o n  

dominates ove r  ma t t e r .  A t  a t i m e  f a r  enough i n  t h e  p a s t  t h e  

e n t i r e  d e n s i t y  and p res su re  a r e  e f f e c t i v e l y  due t o  r a d i a t i o n  

a lone.  
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Then E q .  ( 7 )  becomes 

U p = -  
3 

4 2. 
- - 3H,lq,e where U = aT 

4n G 2uo 

and Eq. (6 )  becomes 

S u b s t i t u t i n g  Eq. (8) i n t o  Eq. (9 )  
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The l i m i t s  of To f o r  a r a d i a t i o n  f i l l e d  u n i v e r s e  a r e :  

A .  MAGNITUDE - RED SHIFT RELATION 

I n  1928 Robertson and Hubble independent ly  d i scove red  

a l i n e a r  r e l a t i o n  between a p p a r e n t  magnitude and red s h i f t .  

Subsequent s t u d i e s  showed t h a t  t h e  r e l a t i o n  between log 3 

and mb& i s  l i n e a r  f o r  red s h i f t s  less than  z = 0.15. 

T h e o r e t i c a l  c a l c u l a t i o n s  show t h a t  t h e r e  should  be a 

l i n e a r  r e l a t i o n  between t h e  metr ic  d i s t a n c e  u and z f o r  

a l l  models which obey t h e  cosmologica l  p r i n c i p l e  ( i s o t r o p y ,  

homogeneity).  Unfo r tuna te ly  w e  a r e  unable  t o  d i r e c t l y  

observe  metric d i s t a n c e s .  Only t h e  a p p a r e n t  magnitude of 

s t a r s  can  be d i r e c t l y  measured w i t h  a t e l e s c o p e .  

An a d d i t i o n a l  compl i ca t ion  a r i s e s  which p rov ides  a 

p o s s i b i l i t y  of d i s t i n g u i s h i n g  between cosmological  models. 

The speed of l i g h t  i s  f i n i t e  so w e  observe  d i f f e r e n t  p a r t s  

of  t h e  u n i v e r s e  a t  d i f f e r e n t  t i m e s .  Thus i f  t h e  expansion 

r a t e  v a r i e s  w i t h  t i m e  the r e l a t i o n s h i p  betweenmbd. and (09 ;t 

(red s h i f t )  shou ld  d e v i a t e  from l i n e a r i t y .  Of cour se  no 
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dev ia t ion  w i l l  occur  u n t i l  t h e  l i g h t  t r a v e l  t i m e  is  g r e a t  

enough f o r  a s i g n i f i c a n t  change i n  the expansion r a t e .  S ince  

t h e  amount of dev ia t ion  %Jill depend on t h e  d i f f e r e n t  expansion 

r a t e s  t h i s  o f f e r s  an obvious t e s t  of cosmological models. 

The metric d i s t a n c e  of a galaxy t h a t  e m i t s  photons a t  

t ,  t h a t  a r e  observed a t  to is 

t;, 
dt 4 

where t h e  observer  is  a t  r = 0 (10) 

which follows from t h e  gene ra l  express ion  fcr a l i n e  element 

s i n c e  f o r  photons d s  = 0. 

Consider t h a t  t h e  galaxy i n  ques t ion  has  t o t a l  luminos i ty  

L. The apparent  bolometric magnitude f o r  t h e  observer  i s  

4 T R ? c Z  rep resen t s  t h e  a rea  of t h e  advancing r a d i a t i o n  

wave f r o n t .  Because of the curva ture  of space t h i s  i s  n o t  

2 2  equal  t o  4 W R  U . I n t e g r a t i n g  t h e  express ion  f o r  t h e  

metric d i s t ance :  
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T h e  metric d i s t a n c e  is  r, Ro o r  R d ( u ) .  Hence C ( u )  = r, . 
0 

The red s h i f t  can  be e x p r e s s e d  

These e q u a t i o n s  a r e  now s u f f i c i e n t  t o  o b t a i n  the 

r e l a  t i o n .  

[ m , d  

In  t h e  s t e a d y  s t a t e  t h e o r y  k = 0 so 6 ( u )  = u . The 

expans ion  of the u n i v e r s e  i s  r e q u i r e d  t o  be independent  of 

R t i m e .  S i n c e  H = - 
0 R w e  have 

tr*t 
R ( t )  = B e  where B i s  c o n s t a n t  

S u b s t i t u t i o n  o f  Eq .  (13) i n - o  Eq.  (10) g i v e s  

S u b s t i t u t i n g  Eq .  ( 1 2 )  i n t o  t h i s  e q u a t i o n  w e  ge t :  

Eq. (11) now becomes 
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which can be 

where C is  a 

S i m i l a r  

f o r  evolving 

wi th  q a ’ 7  0 

converted t o  apparent  magnitude 

mbOl = 5 log z + 5 log ( l+z )  + c 

“cons tan t”  which depends on abso lu te  luminos i ty .  

methods have been used t o  f i n d  [m,z3 r e l a t i o n s  

models. It has  been shown t h a t  for  a l l  models 

For t h e  c a s e  where q , = o  

1 
2 = 5 l o g z  ( l + - z )  + c  m 

bo1 

The c o n s t a n t  can be determined from observa t ion .  The 

p a r t  of t h e  c o n s t a n t  r e l a t e d  t o  t h e  r ed  s h i f t  of d i s t a n t  

g a l a x i e s  can be s p l i t  o f f  a s  an  a d d i t i v e  f a c t o r  k . The 

m o s t  p r a c t i c a l  wavelengths t o  observe a r e  between 6200 A 

and 7500 A because f o r  z < s i  k i s  c l o s e  t o  zero f o r  t h e  

e n t i r e  range of z . Then f o r  t h e  s t eady  s t a t e  model 

0 

0 

R 

= -1 
qO 

m - kR = 5 log z (l+z) + 20.266 R 

For  an evolving model wi th  q 0 7  - 
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For t h e  s p e c i a l  ca se  of q = 0 
0 

-. 
m - kR = 5 log z (1 + 5 ,  + 22.266 R 

The 200 inch te lescope  can determine red s h i f t s  of 

z = 0.5 under p e r f e c t  condi t ions .  However, t h e  accuracy 

of t h e  magnitude determinat ion i s  n o t  s u f f i c i e n t  t o  select  
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. Photographic techniques  must be improved 
qO 

any va lue  f o r  

and a m o r e  complete theory of g a l a c t i c  evo lu t ion  must be 

developed before the obse rva t iona l  da t a  can be used t o  select 

the appropr i a t e  w o r l d  model. 

B. COUNT - MAGNITUDE =LATION 

I f  g a l a x i e s  a r e  uniformly d i s t r i b u t e d  i n  space counts  

t o  a d i s t a n c e  u w i l l  be p ropor t iona l  t o  the  volume enclosed 

wi th in  u. Volumes i n  Riemann space vary  e i ther  f a s t e r  o r  

slower than  U according *to whether k = +1 o r  -1 so a 

determinat ion of the s p a t i a l  curva ture  should be poss ib l e .  

I n  p r a c t i c e  one counts  g a l a x i e s  t o  success ive  l i m i t s  of 

magnitude where the r e l a t i o n  between u and apparent  luminos i ty  

is  g iven  by Eq. (11). 

3 

L e t  N ( m )  be the number of ga l ax ie s  b r i g h t e r  than  apparent  

magnitude m;n t h e  number of g a l a x i e s  p e r  u n i t  volume; Q the 

number of square  degrees  i n  the sky. A s s u m e  a l l  g a l a x i e s  

have the same i n t r i n s i c  luminos i ty .  It has  been shown 

(Mat t ig ,  AN., 284, 109) t h a t  
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and 

For  k = 0: 

Bondi and Gold have given t h i s  i n  terms of the red  s h i f t  

For  the observa t ions  w e  choose f i e l d  ga l ax ie s  r a t h e r  

than c l u s t e r  g a l a x i e s  so t h e  cons t an t  i n  the  [m,z] r e l a t i o n  

w i l l  be d i f f e r e n t .  One f i n d s  

= 5 log z + 22.516 z < c  1 R - k R  

T h i s  system of equat ions  can now be used t o  compute N(m) 

values .  f o r  var ious  

is compared wi th  exploding models w i th  q 

These models r ep resen t  a hyperbol ic  un iverse  of zero  d e n s i t y  

The s t eady  s t a t e  model (qo = -1) 
qO 

= 9% \,2%,5,53% 13. 
0 t 

= 0 ) ,  Eucl idean space (q = ‘12) and c losed  o s c i l l a t i n g  (90 0 

universes  f o r  qo> 3 . 



number of g a l a x i e s  decrease  a s  w e  look a t  f a i n t e r  magnitudes? 

The behavior  i s  explained by the p e r i o d i c i t y  of t h e  equa t ions .  

The oppos i t e  po le  of t h e  universe  is reached when N ( m )  is a 

maximum and a s  u inc reases  f u r t h e r  one i s  r e a l l y  turned  

around and coming back. This  s i t u a t i o n  i s  analogous t o  the 

s u r f a c e  of a sphere.  When r B O R  the a rea  begins  t o  decrease  

from i t s  maximum value  of 4 h . R  . Hence t h e  universe  has  

a l r eady  been counted by the t i m e  the maximum number of  

g a l a x i e s  i s  resched.  

2 

N o t e  t h a t  fo r  models w i th  $ < q  < 1 t h e  a n t i p o l e  i s  
0 

n o t  reached even though the universe  i s  closed. A l s o  t h e  
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COUNT vs. 

M AGN~TUDE 

/ 

A t  f i r s t  one is m o s t  amazed by t h i s  plot!  How can the 
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number of g a l a x i e s  counted approaches an asymptot ic  l i m i t  

f o r  each model s tud ied  wi th  q,>O. T h i s  impl ies  w e  have 

reached an obse rva t iona l  hor izon  beyond which no information 

t r a v e l s .  

The observable  d i f f e r e n c e s  a t  t h e  l i m i t  of t h e  200" 

te lescope  a r e  too  smal l  t o  provide any evidence i n  f avor  

of  a s p e c i f i c  model. 

C. ANGULAR DIAMETERS 

Consider  t h e  s tandard  l i n e  element:  

A source whose l i n e a r  d iameter  i s  y a t  a metric d i s t a n c e  

R )  6(,U) w i l l  subtend an observed angle  

Using the d e f i n i t i o n  of  the r ed  s h i f t  

R1 = R /l+z 
0 

w e  g e t  
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From a previous  a n a l y s i s  w e  know T(U) = Y, 

been shown by Mat t ig  (A.N., 284, 109) t h a t  

. It has  

f o r  a l l  q >/ 0 . S u b s t i t u t i n g  t h i s  i n t o  Eq.  ( 1 7 )  and us ing  

t h e  d e f i n i t i o n  of bo lomet r i c  magnitude Eq. (14)  and t h e  

Z e f i n i t i o n  of A E q .  (16) w e  g e t :  

0 

f o r  a l l  q 0 3 0  

c z  For  t h e  s t e a d y  s t a t e  model R 6 ( u )  = R U = - so 
HO 

0 0 

P l o t  t h e  a p p a r e n t  magnitude of ga laxy  c lus te rs  a g a i n s t  

t h e i r  subtended ang le .  
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\O \4 \8 22 

N o t e  t h a t  f o r  a l l  go% 0 the metric diameter  decreases  

t o  a minimum a t  which p o i n t  it begins  t o  increase .  T h i s  

s i t u a t i o n  i s  analogous t o  the  s u r f a c e  of a sphere.  Standing 

a t  t h e  "North Pole" one observes  t h a t  a rod of c o n s t a n t  

l eng th  subtends a sma l l e r  angle  a s  it. i s  moved away from 

the  pole ,  A t  t h e  equator  it substends t h e  s m a l l e s t  poss ib l e  

angle  and a s  it is moved toward t h e  "South Pole" it begins  

t o  subtend g r e a t e r  and g r e a t e r  angles .  

For the  s t eady  s t a t e  model, however, e, decreases  asymp- 

t o t i c a l l y  t o  t h e  value of t h e  cons t .  a s  2 4  00. This sugges ts  

t h a t  an experimental  absence of a minimum would provide an 
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accep tab le  t e s t  for t h e  s t e a d y  s t a t e  theory.  However, t h e  

minimum occurs  beyond the  range of t h e  2 X ”  t e l e scope .  


